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Abstract
The Heun function generalizes all well-known special functions such as Spheroidal Wave,
Lame, Mathieu, and hypergeometric 2F1, 1F1 and 0F1 functions. Heun functions are applicable
to diverse areas such as theory of black holes, lattice systems in statistical mechanics, solution of
the Schro¨dinger equation of quantum mechanics, and addition of three quantum spins.
In this paper, applying three term recurrence formula [9], we consider asymptotic behaviors
of Heun function and its integral formalism including all higher terms of An’s.1 We show how the
power series expansion of Heun functions can be converted to closed-form integrals for all cases
of infinite series and polynomial. One interesting observation resulting from the calculations
is the fact that a 2F1 function recurs in each of sub-integral forms: the first sub-integral form
contains zero term of A′ns, the second one contains one term of An’s, the third one contains two
terms of An’s, etc.
Applying three term recurrence formula, we consider asymptotic behaviors of Heun functions
and their radius of convergences. And we show why Poincare´-Perron theorem is not always
applicable to the Heun equation.
In the appendix, I apply the power series expansion and my integral formalism of Heun func-
tion to “The 192 solutions of the Heun equation” [34]. Due to space restriction final equations
for all 192 Heun functions is not included in the paper, but feel free to contact me for the final
solutions. Section 6 contains two additional examples using integral forms of Huen function.
This paper is 4th out of 10 in series “Special functions and three term recurrence formula
(3TRF)”. See section 6 for all the papers in the series. The previous paper in series deals with the
power series expansion in closed forms of Heun function. The next paper in the series describes
the power series expansion of Mathieu function and its integral formalism analytically.
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1. Introduction
The Heun function, having three term recurrence relations, are the most outstanding special
functions in among every analytic functions. Due to its complexity Heun function was neglected
for almost 100 years[27]. According to Whittaker’s hypothesis, ‘The Heun function can not be
described in form of contour integrals of elementary functions even if it is the simplest class of
special functions.’
Recently Heun function started to appear in theoretical modern physics. For example the
Heun functions come out in the hydrogen-molecule ion[48], in the Schro¨dinger equation with
doubly anharmonic potential[39] (its solution is the confluent forms of Heun function), in the
Stark effect[21], in perturbations of the Kerr metric[47, 33, 2, 3, 4], in crystalline materials[41],
in Collogero-Moser-Sutherland systems[46], etc., just to mention a few.[5, 44, 45] Traditionally,
we have constructed all physical phenomenons by only using two term recursion relation in
power series expansion until 19th century. However, modern physics (quantum gravity, SUSY,
general relativity, etc) seem to require at least three or four recurrence relations in power series
expansions. Furthermore these type of problems can not be reduced to two term recurrence
relations by changing independent variables and coefficients.[28]
In previous paper we show the analytic solutions of Heun functions for all higher terms of
An’s by applying three term recurrence formula[9]; power series expansions for an infinite and
polynomial cases[10].
According to Ronveaux (1995 [39]), “Except in some trivial cases, no example has been given
of a solution of Heun’s equation expressed in the form of a definite integral or contour integral
involving only functions which are, in some sense, simpler. It may be reasonably conjectured
that no such expressions exist.”
Instead Heun equation is obtained by Fredholm integral equations; such integral relationships
express one analytic solution in terms of another analytic solution. More precisely, in earlier
literature the integral representations of Heun’s equation were constructed by using two types of
relations: (1) Linear relations using Fredholm integral equations. [31, 22] (2) Non-linear relation
(Malurkar-type integral relations) including Fredholm integral equations using two variables.
[42, 43, 1, 40]
Now we consider direct integral representations of Heun functions and their asymptotic be-
haviors and boundary conditions for the independent variable x by using 3TRF. Expressing Heun
functions in integral forms resulting in a precise and simplified transformation of Heun functions
to other well-known special functions such as hypergeometric functions, Mathieu functions,
Lame functions, confluent forms of Heun functions and etc. Also, the orthogonal relations of
Heun functions can be obtained from the integral forms.
In Ref.[27], Heun’s equation is a second-order linear ordinary differential equation of the
form
d2y
dx2
+
(
γ
x
+
δ
x − 1 +

x − a
) dy
dx
+
αβx − q
x(x − 1)(x − a)y = 0 (1.1)
With the condition  = α+β−γ−δ+1. The parameters play different roles: a , 0 is the singularity
parameter, α, β, γ, δ,  are exponent parameters, q is the accessory parameter. Also, α and β are
identical to each other. The total number of free parameters is six. It has four regular singular
points which are 0, 1, a and ∞ with exponents {0, 1 − γ}, {0, 1 − δ}, {0, 1 − } and {α, β}.Assume
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that y(x) has a series expansion of the form
y(x) =
∞∑
n=0
cnxn+λ (1.2)
where λ is an indicial root. Plug (1.2) into (1.1):
cn+1 = An cn + Bn cn−1 ; n ≥ 1 (1.3)
where
An =
(n + λ)(n − 1 + γ +  + λ + a(n − 1 + γ + λ + δ)) + q
a(n + 1 + λ)(n + γ + λ)
=
(n + λ)(n + α + β − δ + λ + a(n + δ + γ − 1 + λ)) + q
a(n + 1 + λ)(n + γ + λ)
(1.4a)
Bn = − (n − 1 + λ)(n + γ + δ +  − 2 + λ) + αβa(n + 1 + λ)(n + γ + λ) = −
(n − 1 + λ + α)(n − 1 + λ + β)
a(n + 1 + λ)(n + γ + λ)
(1.4b)
c1 = A0 c0 (1.4c)
We have two indicial roots which are λ = 0 and 1 − γ
2. Asymptotic behavior of the Heun equation
2.1. Poincare´-Perron theorem and its applications for solutions of power series
Let’s review certain theorems on the asymptotic behavior of solutions of linear difference
equations with constant coefficients. Consider a linear recurrence relation of length k + 1 with
constant coefficients αi where i = 0, 1, 2, · · · , k
u(n + 1) + α1u(n) + α2u(n − 1) + α3u(n − 2) + · · · + αku(n − k + 1) = 0 (2.1)
with αk , 0. The characteristic polynomial equation of recurrence (2.1) is given by
tk + α1tk−1 + α2tk−2 + · · · + αk = 0 (2.2)
Denote the roots of the characteristic equation (2.2) by λ1, ..., λk.
H. Poincare´’s suggested that
lim
n→∞
u(n + 1)
u(n)
is equal to one of the roots of the characteristic equation in 1885 [38]. And a more general
theorem has been extended by O. Perron in 1921 [37].
Theorem 1. Poincare´-Perron theorem [36]: If the coefficient of u(n) in the difference equation
of order k be not zero, for n = 0, 1, 2, · · · , and other hypotheses be fulfilled, then the equation
possesses k fundamental solutions u1(n), · · · , uk(n), such that
lim
n→∞
ui(n + 1)
ui(n)
= λi
where i = 1, 2, · · · , k and λi is a root of the characteristic equation, and n → ∞ by positive
integral increments.
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The recurrence relation of coefficients starts to appear by substituting a series y(x) =
∑∞
n=0 cnx
n
into a linear ordinary differential equation (ODE). In general, the 3-term recurrence relation is
given by
cn+1 = α1,n cn + α2,n cn−1 ; n ≥ 1 (2.3)
with seed values c1 = α1,0c0. For the asymptotic behavior of (2.3), limn1 α j,n = α j < ∞ where
j = 1, 2 exists. Its asymptotic recurrence relation is given by
cn+1 = α1 cn + α2 cn−1 ; n ≥ 1 (2.4)
where c1 = α1c0. Due to Poincare´-Perron theorem, we form the characteristic polynomial such
as
ρ2 − α1ρ − α2 = 0 (2.5)
The roots of a polynomial (2.5) have two different moduli
ρ1 =
α1 −
√
α21 + 4α2
2
ρ2 =
α1 +
√
α21 + 4α2
2
In general, if |ρ1| < |ρ2|, then limn→∞ |cn+1/cn| = |ρ2|, so that the radius of convergence for a
3-term recursion relation (2.3) is |ρ2|−1. And as if |ρ2| < |ρ1|, then limn→∞ |cn+1/cn| = |ρ1|, and
its radius of convergence is increased to |ρ1|−1. For the special case, limn→∞ |cn+1/cn| is divergent
when |ρ1| = |ρ2| and ρ1 , ρ2, and it is convergent when ρ1 = ρ2. More details are explained in
Appendix B of part A [39], Wimp (1984) [49], Kristensson (2010) [30] or Erde´lyi (1955) [23].
In chapter 3.3 on part A (pp. 34–36) [39], they obtain three-term recursion system by putting
a power series with an unknown coefficient into Heun’s equation about x = 0 corresponding to
the exponent zero. By applying Poincare´-Perron theorem, “We adopt the restriction |a| > 1 and
the series will generally have radius of convergence 1; it will therefore only represent a local
solution.” And its theorem tells us that a Heun function of class I about {0, 1}, converging in the
circle |x| < |a| as |a| is less than 1 where a , 0. Table 1 tells us all possible boundary conditions
using Poincare´-Perron theorem.
Range of the coefficient a Range of the independent variable x
As a = 0,−1 no solution
As |a| > 1 |x| < 1
As −1 < a < 0, 0 < a ≤ 1 |x| < |a|
Table 1: Boundary condition of x of a Heun function about x = 0 using Poincare´-Perron theorem
Fig. 1 indicates a graph of Table 1 in the a-x plane; the shaded area represents the domain of
convergence of the series for a Heun equation around x = 0 except a = −1; it does not include
solid lines.
2.2. Asymptotic behavior for an infinite series of y(x) and the boundary condition for x
By rearranging coefficients of An and Bn terms in (1.3), let’s test for convergence of the Heun
function y(x) about x = 0 for an infinite series. As n  1 (for sufficiently large, like an index n
is close to infinity, or you can treat as n→ ∞), (1.3)–(1.4b) are asymptotically equal to
cn+1 = A cn + B cn−1 ; n ≥ 1 (2.6a)
4
Figure 1: Original Poincare´-Perron theorem
where
lim
n1
An = A =
(1 + a)
a
lim
n1
Bn = B = −1a (2.6b)
Substitute (2.6b) into (2.6a) by letting c1 = Ac0.2 For n = 0, 1, 2, · · · , it gives
c0
c1 = Ac0
c2 = (A2 + B)c0
c3 = (A3 + 2AB)c0
c4 = (A4 + 3A2B + B2)c0
c5 = (A5 + 4A3B + 3AB2)c0
c6 = (A6 + 5A4B + 6A2B2 + B3)c0
c7 = (A7 + 6A5B + 10A3B2 + 4AB3)c0
c8 = (A8 + 7A6B + 15A4B2 + 10A2B3 + B4)c0
...
...
(2.7)
If a series solution of a linear differential equation is absolutely convergent, we can rearrange of
its terms for the series solution. Indeed, the sum of any arbitrary series is equivalent to the sum
of the initial series.
With reminding the above mathematical phenomenon, let assume that a series solution of
Heun’s equation is absolutely convergent. The sequence cn consists of combinations A and B in
2We only have the sense of curiosity about an asymptotic series as n  1 for a given x. Actually, c1 = A0c0. But for
a huge value of an index n, we treat the coefficient c1 as Ac0 for simple computations.
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(2.7). First observe the term inside parentheses of sequence cn which does not include any A’s in
(2.7): cn with even index (c0,c2,c4,· · · ).
c0
c2 = Bc0
c4 = B2c0
c6 = B3c0
c8 = B4c0
c10 = B5c0
...
...
(2.8)
When an asymptotic function y(x), analytic at x = 0, is expanded in a power series, we write
y(x) =
∞∑
m=0
ym(x) (2.9)
where
ym(x) =
∞∑
n=0
cmn x
n (2.10)
Put(2.8) in (2.10) putting m = 0.
y0(x) = c0
∞∑
n=0
(
Bx2
)n
(2.11)
Observe the terms inside parentheses of sequence cn which include one term of A’s in (2.7): cn
with odd index (c1, c3, c5,· · · ).
c1 = Ac0
c3 = 2ABc0
c5 = 3AB2c0
c7 = 4AB3c0
c9 = 5AB4c0
...
...
(2.12)
Put the above sequences cn in (2.10) putting m = 1.
y1(x) = c0Ax
∞∑
n=0
(n + 1)
1!
(
Bx2
)n
(2.13)
Observe the terms inside parentheses of sequence cn which include two terms of A’s in (2.7): cn
with even index (c2, c4, c6,· · · ).
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c2 = A2c0
c4 = 3A2Bc0
c6 = 6A2B2c0
c8 = 10A2B3c0
c10 = 15A2B4c0
...
...
(2.14)
Put (2.14) in (2.10) putting m = 2.
y2(x) = c0 (Ax)2
∞∑
n=0
(n + 1)(n + 2)
2!
(
Bx2
)n
(2.15)
Similarly, the asymptotic function y3(x) for three terms of A’s is given by
y3(x) = c0 (Ax)3
∞∑
n=0
(n + 1)(n + 2)(n + 3)
3!
(
Bx2
)n
(2.16)
By repeating this process for all higher terms of A’s, we can obtain every ym(x) terms where
m ≥ 4. Substitute (2.11), (2.13), (2.15), (2.16) and including all ym(x) terms where m ≥ 4 into
(2.9).
y(x) =
∞∑
n=0
cnxn = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
=
∞∑
n=0
∞∑
m=0
(n + m)!
n! m!
x˜ny˜m where c0 = 1, x˜ = Bx2 and y˜ = Ax (2.17)
By definition, a real or complex series
∑∞
n=0 un is said to converge absolutely if the series of
moduli
∑∞
n=0 |un| converge. And the series of absolute values (2.17) is
∞∑
n=0
∞∑
m=0
(n + m)!
n! m!
|x˜|n|y˜|m =
∞∑
r=0
(|x˜| + |y˜|)r
This double series is absolutely convergent for |x˜| + |y˜| < 1. (2.17) is simply
lim
n1
y(x) =
1
1 − (x˜ + y˜) =
1
1 −
(
− 1a x2 + 1+aa x
) (2.18)
(2.18) is geometric series. Its condition of an absolute convergence (2.18) is∣∣∣∣∣−1a x2
∣∣∣∣∣ + ∣∣∣∣∣1 + aa x
∣∣∣∣∣ < 1 (2.19)
The coefficient a decides the range of an independent variable x as we see (2.19). More precisely,
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Range of the coefficient a Range of the independent variable x
As a = 0 no solution
As a > 0 |x| < 12 (−1 − a +
√
a2 + 6a + 1)
As −1 ≤ a < 0 |x| < |a|
As a < −1 |x| < 1
Table 2: Boundary condition of x for the infinite series of a Heun function about x = 0
Figure 2: Revised Poincare´-Perron theorem
The corresponding domain of convergence in the real axis, given by (2.19), is shown shaded
in Fig. 2; it does not include solid lines, and maximum modulus of x is the unity.
In Table 2 or the shaded area where a > 0 in Fig. 2,
lim
a→N
−1 − a + √a2 + 6a + 1
2
∼ 1
where N is the sufficiently huge positive real or complex. Then we can argue that |x| < 1 for
a→ N. For examples, if a = 10, then |x| < 0.84429 and as a = 100, |x| < 0.98058.
In the case of |a|  1 assuming |a| is huge numerical values, (2.18) turns to be
lim
n1
y(x) ≈ 1
1 − x (2.20)
where |x| < 1.
2.3. Original Poincare´-Perron theorem vs. revised Poincare´-Perron theorem
As we compare Table 2 with Table 1, both boundary conditions for radius of convergence
are equivalent to each other since a < 0 except a = −1. Table 2 allows a = −1 for the analytic
solution of a Heun function, but there is no solution for a series since a = −1 in Table 1. As
a ≥ 1, their ranges of x are slightly different: (i) Radius of convergence is the unity in Table 1 at
a = 1, but we suggest that its radius is approximately 0.414214 in Table 2. (ii) If a is quiet huge
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numerical real or complex values, their radius are almost equal to the unity, i.e., as a = 1000 in
Table 2, its range approximates to |x| < 0.998006, which is really closed to |x| < 1 in Table 1.
(iii) In the region at 0 < a < 1, maximum absolute value of x in Tables 1 and 2 are quiet
different. As we see x where a positive real value in Table 2, it is a square root function of a
and the range of its slope with respect to a is between 0.207107 and 1. A variable x in Table 1
is just linearly increasing line with a slope 1 with respect to a. Since x is a negative real value
in Table 2, the slope of a square root function of a is between -1 and -0.207107. And the slope
of x in Table 1 is just -1. (iv) A square root function for a huge value a in Table 2 is closed
to ±1 which demonstrates strong justification of Poincare´-Perron theorem, but in the region at
0 < a < 1, Poincare´-Perron theorem is not available to obtain radius of convergence of Heun
functions any more.
Now, let’s consider difference between Tables 1 and 2 with respect to numerical computa-
tions. A sequence cn is derived by putting a power series into a Heun’s equation. The boundary
condition of x in Table 1 is obtained by the ratio of sequence cn+1 to cn at the limit n→ ∞. And
radius of convergence of x in Table 2 is constructed by rearranging coefficients A and B in each
sequence cn.
For instead, if a = 0.8 in Table 2, its boundary condition is approximately −0.368858 < x <
0.368858, and the radius convergence in Table 1 is −0.8 < x < 0.8. Let allow us that a analytic
solution of (2.6a) is
y(x) =
N∑
n=0
cnxn (2.21)
First put (2.6b) in (2.6a) with a = 0.8 and substitute the new (2.6a) into (2.21) by allowing
x = 0.7 with various positive integer values of N in Mathematica program. Similarly, numerical
values of y(x) with a = 0.8 and x = 0.3 are given in Tables 3 and 4.
N y(x)
10 17.722665066666
50 26.622563574231
100 26.666611092450
200 26.666666666578
300 26.666666666667
400 26.666666666667
500 26.666666666667
600 26.666666666667
700 26.666666666667
800 26.666666666667
900 26.666666666667
1000 26.666666666667
Table 3: y(x) with a = 0.8 and x = 0.7
N y(x)
10 2.285559427400
50 2.285714285714
100 2.285714285714
200 2.285714285714
300 2.285714285714
400 2.285714285714
500 2.285714285714
600 2.285714285714
700 2.285714285714
800 2.285714285714
900 2.285714285714
1000 2.285714285714
Table 4: y(x) with a = 0.8 and x = 0.3
Numerical values of y(x) in Tables 3 and 4 are derived by putting a 3-term recursive system
into a power series with the specific values of a and x. As we see Table 3, y(x) is convergent as
N → ∞, its approximative value is 26.6667. And Table 4 tells us that y(x) ≈ 2.2857 as N → ∞
is also convergent. It means that the radius of convergence using Poincare´-Perron theorem and
the boundary condition by rearranging of its terms for the series solution are both available for
the analytic solutions of Heun functions.
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Consider the following summation series such as
y(x) =
N∑
n=0
N∑
m=0
(n + m)!
n! m!
x˜ny˜m where x˜ = −1
a
x2 and y˜ =
1 + a
a
x (2.22)
This equation is equivalent to (2.17) as N → ∞. Substitute a = 0.8 and x = 0.7 in (2.22)
with various positive integer values N. And we obtain various numerical values of y(x) where
N = 10, 50, 100, 200, 300, · · · , 1000 by putting a = 0.8 and x = 0.3 in (2.22).
N y(x)
10 1.00791 × 105
50 1.34009 × 1028
100 1.99922 × 1057
200 6.25120 × 10115
300 2.25372 × 10174
400 8.61497 × 10232
500 3.40062 × 10291
600 1.36992 × 10350
700 5.59670 × 10408
800 2.31012 × 10467
900 9.61056 × 10525
1000 4.02305 × 10584
Table 5: y(x) with a = 0.8 and x = 0.7
N y(x)
10 2.276337892064
50 2.285714285695
100 2.285714285714
200 2.285714285714
300 2.285714285714
400 2.285714285714
500 2.285714285714
600 2.285714285714
700 2.285714285714
800 2.285714285714
900 2.285714285714
1000 2.285714285714
Table 6: y(x) with a = 0.8 and x = 0.3
A numerical quantities y(x) in Tables 5 and 6 are obtained by rearranging An and Bn terms
in each sequence cn with the certain values of a and x. Table 5 tells us that y(x) is divergent as
N → ∞. And Table 6 informs us that y(x) ≈ 2.2857 as N → ∞ is also convergent which is equal
to approximative quantities y(x) in Table 4. According to Table 5, we notice that the radius of
convergence using Poincare´-Perron theorem is not available in an asymptotic series solution in
closed forms which is performed by rearranging coefficients A and B terms in the sequence cn.
Theorem 2. We can not use Poincare´-Perron theorem to obtain the radius of convergence for a
power series solution. And a series solution for an infinite series, obtained by applying Poincare´-
Perron theorem, is not absolute convergent but only conditionally convergent.
Proof of Theorem . We might have curiosity why we have such errors since we apply one of any
values in the interval of convergence of the series, constructed by Poincare´-Perron theorem, into
asymptotic expansion by relating the series to the geometric series. To answer this question, first
of all, consider an alternating harmonic series such as
∞∑
n=0
(−1)n
n + 1
= 1 − 1
2
+
1
3
− 1
4
+
1
5
− 1
6
+ · · ·
This series is well known to have the sum ln 2 since we add terms one by one. However, since we
rearrange of its terms for the series solution, its sum can be divergent; if all terms are taken with
+ signs, it is divergent. Similarly, it is also divergent since we add all terms with -signs. This
series is not absolutely convergent but conditionally convergent, based on the Leibniz criterion.
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With reminding this example, let assume that a power series of Heun’s equation converges
absolutely within its radius of convergence, obtained by applying Poincare´-Perron theorem. It
tells us that even if we rearrange the order of the terms in series, its solution is also convergent.
For instance, consider a and x as real positive numbers. A is real positive number and B is real
negative one in (2.7). We observe that all terms in sequence cn in (2.7) consists of positive and
negative real values; any terms having B2m+1 where m = 0, 1, 2, · · · are composed of real negative
values, otherwise real positive ones. First, we take all terms with real positive values in each
sequence cn in (2.7) and after that, take every terms having real negative ones. For n = 0, 1, 2, · · ·
with c0 = 1 for simplicity, it gives
Real positive terms Real negative terms
c0 = 1 c2 = B
c1 = A c3 = 2AB
c2 = A2 c4 = 3A2B
c3 = A3 c5 = 4A3B
c4 = A4 + B2 c6 = 5A4B + B3
c5 = A5 + 3AB2 c7 = 6A5B + 4AB3
c6 = A6 + 6A2B2 c8 = 7A6B + 10A2B3
c7 = A7 + 10A3B2 c9 = 8A7B + 20A3B3
c8 = A8 + 15A4B2 + B4 c10 = 9A8B + 35A4B3 + B5
c9 = A9 + 21A5B2 + 5AB4 c11 = 10A9B + 56A5B3 + 6AB5
c10 = A10 + 28A6B2 + 15A2B4 c12 = 11A10B + 84A6B3 + 21A2B5
c11 = A11 + 36A7B2 + 35A3B4 c13 = 12A11B + 120A7B3 + 56A3B5
c12 = A12 + 45A8B2 + 70A4B4 + B6 c14 = 13A12B + 165A8B3 + 126A4B5 + B7
c13 = A13 + 55A9B2 + 126A5B4 + 7AB6 c15 = 14A13B + 220A9B3 + 252A5B5 + 8AB7
.
.
.
.
.
.
.
.
.
.
.
.
Table 7: all possible terms in sequences cn from c0 up to c15
We construct a power series solution of real positive terms, denoted by y+(x) and build a
series solution of real negative terms, denominated by y−(x). Since we add y+(x) and y−(x) we
get a asymptotic series y(x).
(A) Series of y+(x)
First observe the term of sequence cn which does not include any B’s of real positive terms
in Table 7: cn with every index (c0,c1,c2,· · · ).
c0 = 1
c1 = A
c2 = A2
c3 = A3
...
...
(2.23)
When an asymptotic series y+(x), analytic at x = 0, is expanded in a power series, we write
y+(x) =
∞∑
m=0
ym+ (x) (2.24)
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where
ym+ (x) =
∞∑
n=0
cmn x
n (2.25)
Put(2.23) in (2.25) putting m = 0.
y0+(x) =
∞∑
n=0
(Ax)n (2.26)
Observe the terms of sequence cn which include two term of B’s of real positive terms in Table 7:
cn with every index except c0 − c3 (c4, c5, c6,· · · ).
c4 = B2
c5 = 3AB2
c6 = 6A2B2
c7 = 10A3B2
c8 = 15A4B2
c9 = 21A5B2
...
...
(2.27)
Put the above sequences cn in (2.25) putting m = 1.
y1+(x) =
(
Bx2
)2 ∞∑
n=0
(n + 2)!
2!n!
(Ax)n (2.28)
Observe the terms of sequence cn which include four terms of B’s of real positive terms in Table 7:
cn with every index except c0 − c7 (c8, c9, c10,· · · ).
c8 = B4
c9 = 5AB4
c10 = 15A2B4
c11 = 35A3B4
c12 = 70A4B4
c13 = 126A5B4
...
...
(2.29)
Put (2.29) in (2.25) putting m = 2.
y2+(x) =
(
Bx2
)4 ∞∑
n=0
(n + 4)!
4!n!
(Ax)n (2.30)
Similarly, the asymptotic series y3+(x) for six terms of B’s is given by
y3+(x) =
(
Bx2
)6 ∞∑
n=0
(n + 6)!
6!n!
(Ax)n (2.31)
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By mathematical induction, we repeat this process and build series solutions for all higher terms
of B’s. We construct every ym+ (x) terms where m ≥ 4. Substitute (2.26), (2.28), (2.30), (2.31) and
including all ym+ (x) terms where m ≥ 4 into (2.24).
y+(x) =
∞∑
n=0
cnxn = y0+(x) + y
1
+(x) + y
2
+(x) + y
3
+(x) + · · ·
=
∞∑
n=0
∞∑
m=0
(n + 2m)!
n! (2m)!
x˜2my˜n where x˜ = Bx2 and y˜ = Ax (2.32)
=
1 − y˜
1 − x˜2 − 2y˜ + y˜2 (2.33)
y+(x) gives us a real positive value and the series of absolute values (2.32) is
∞∑
n=0
∞∑
m=0
(n + 2m)!
n! (2m)!
|x˜|2m|y˜|n =
∞∑
n=0
∞∑
l=0
l!
n! (l − n)! |x˜|
l−n|y˜|n =
∞∑
r=0
(|x˜| + |y˜|)r
This double series is absolutely convergent for |x˜| + |y˜| = ∣∣∣− 1a x2∣∣∣ + ∣∣∣ 1+aa x∣∣∣ < 1 and its boundary
condition is same as Table 2. It informs that the radius of convergence of y+(x) can not be
obtained by applying Poincare´-Perron theorem
(B) Series of y−(x)
Observe the term of sequence cn which include one term of B’s of real negative terms in
Table 7: cn with every index except c0 and c1 (c2, c3, c4,· · · ).
c2 = B
c3 = 2AB
c4 = 3A2B
c5 = 4A3B
...
...
(2.34)
y−(x) will be given by an expression
y−(x) =
∞∑
m=0
ym− (x) (2.35)
where
ym− (x) =
∞∑
n=0
cmn x
n (2.36)
Put(2.34) in (2.36) putting m = 0.
y0−(x) =
(
Bx2
) ∞∑
n=0
(n + 1)!
1!n!
(Ax)n (2.37)
Observe the terms of sequence cn which include three term of B’s of real negative terms in
Table 7: cn with every index except c0 − c5 (c6, c7, c8,· · · ).
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c6 = B3
c7 = 4AB3
c8 = 10A2B3
c9 = 20A3B3
c10 = 35A4B3
c11 = 56A5B3
...
...
(2.38)
Put (2.38) in (2.36) putting m = 1.
y1−(x) =
(
Bx2
)3 ∞∑
n=0
(n + 3)!
3!n!
(Ax)n (2.39)
Observe the terms of sequence cn which include five terms of B’s of real negative terms in
Table 7: cn with every index except c0 − c9 (c10, c11, c12,· · · ).
c10 = B5
c11 = 6AB5
c12 = 21A2B5
c13 = 56A3B5
c14 = 126A4B5
c15 = 252A5B5
...
...
(2.40)
Put (2.40) in (2.36) putting m = 2.
y2−(x) =
(
Bx2
)5 ∞∑
n=0
(n + 5)!
5!n!
(Ax)n (2.41)
And y3−(x) for seven terms of B’s is given by
y3−(x) =
(
Bx2
)7 ∞∑
n=0
(n + 7)!
7!n!
(Ax)n (2.42)
In the same way, by repeating this process for all higher terms of B’s, we build every ym− (x) terms
where m ≥ 4. Substitute (2.37), (2.39), (2.41), (2.42) and including all ym− (x) terms where m ≥ 4
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into (2.35).
y−(x) =
∞∑
n=0
cnxn = y0−(x) + y
1
−(x) + y
2
−(x) + y
3
−(x) + · · ·
=
∞∑
n=0
∞∑
m=0
(n + 2m + 1)!
n! (2m + 1)!
x˜2m+1y˜n where x˜ = Bx2 and y˜ = Ax (2.43)
=
x˜
1 − x˜2 − 2y˜ + y˜2 (2.44)
y−(x) provides us a real negative value and the series of absolute values (2.43) is
∞∑
n=0
∞∑
m=0
(n + 2m + 1)!
n! (2m + 1)!
|x˜|2m+1|y˜|n
=
∞∑
n=0
∞∑
l=1
l!
n! (l − n)! |x˜|
l−n|y˜|n <
∞∑
n=0
∞∑
l=0
l!
n! (l − n)! |x˜|
l−n|y˜|n =
∞∑
r=0
(|x˜| + |y˜|)r
It is also absolutely convergent for |x˜| + |y˜| = ∣∣∣− 1a x2∣∣∣ + ∣∣∣ 1+aa x∣∣∣ < 1 which is equivalent to the
boundary condition for y+(x). From this mathematical computations for y−(x), we again notice
that Poincare´-Perron theorem does not give any absolute convergent series solution. Since we
add (2.33) and (2.44),
y(x) = y+(x) + y−(x) =
1 − y˜
1 − x˜2 − 2y˜ + y˜2 +
x˜
1 − x˜2 − 2y˜ + y˜2 =
1
1 − (x˜ + y˜) (2.45)
(2.45) is same as (2.18). Actually, this is obvious because as long as a solution for a power series
is absolutely convergent, we can rearrange any terms for the series solution and its rearranged
series is equivalent to the initial series solution. And the radius of convergence for y(x), sum of
two partial series y+(x) and y−(x), is also equal to |x˜| + |y˜| < 1. According to the above compu-
tations for y(x) which is the rearranged series, we realize that Poincare´-Perron theorem gives not
absolute convergence for a solution of an infinite series but only conditional convergence. 
Fig.3 represents two different shaded regions of convergence in Figs.1 and 2: In the bright
shaded area where a > 0, the domain of absolute convergence of the series for a Heun equation
around x = 0 is not available; it only provides the domain of conditional convergence for it, and
the dark shaded region where a > 0 represents the one of its absolute convergence.
Now, you can ask why we can not apply Poincare´-Perron theorem into a power series in
order to obtain its radius of convergence? To answer this question, first remember the following
theorem such as
Theorem 3. Suppose we have the series
∑∞
n=0 cn and define
L = lim
n→∞
∣∣∣∣∣cn+1cn
∣∣∣∣∣ (2.46)
Then,
1. if L < 1, the series is absolutely convergent.
2. if L > 1, the series is divergent.
3. if L = 1, the series may converge or diverge.
This test is called the Cauchy ratio test or d’Alembert ratio test.
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Figure 3: Original and revised Poincare´-Perron theorems
Fundamentally, Poincare´-Perron theorem is obtained by observing a ratio of cn+1 to cn in the
difference equation, letting n → ∞. It demonstrates that its ratio is equivalent to one of roots of
the characteristic polynomial of recurrence. And the radius of convergence for a power series∑∞
n=0 cnx
n is constructed by letting modulus of a root of the characteristic equation times |x| is
less than the unity.
Let us apply (2.46) into a recurrence relation for the radius of convergence of a Heun function
about x = 0, rather than using Thm.1 directly, in order to review whether Table 1 is correct or
not. A solution for the recurrence equation for cn in (2.6a) is
cn =
−
(
A − √A2 + 4B
)n+1
+
(
A +
√
A2 + 4B
)n+1
2n+1
√
A2 + 4B
(2.47)
where c1 = A and c0 = 1. Substitute (2.47) into (2.46) and multiply the new (2.46) by |x| in order
to obtain its radius of convergence.
L = lim
n→∞
∣∣∣∣∣∣∣∣∣∣∣
A−√A2+4B
2 − A+
√
A2+4B
2
(
A+
√
A2+4B
A−√A2+4B
)n+1
1 −
(
A+
√
A2+4B
A−√A2+4B
)n+1
∣∣∣∣∣∣∣∣∣∣∣ |x| < 1 (2.48)
There are two possible solutions of (2.48).
If
∣∣∣∣∣∣∣A +
√
A2 + 4B
A − √A2 + 4B
∣∣∣∣∣∣∣ < 1, then L = 12
∣∣∣∣A − √A2 + 4B∣∣∣∣ |x| < 1 (2.49)
Or
If
∣∣∣∣∣∣∣A +
√
A2 + 4B
A − √A2 + 4B
∣∣∣∣∣∣∣ > 1, then L = 12
∣∣∣∣A + √A2 + 4B∣∣∣∣ |x| < 1 (2.50)
For the special case, if A = 2 and B = −1, (2.48) turns to be
L = |x| < 1 (2.51)
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By putting (2.6b) in (2.49)–(2.51), we confirm that final solutions of radius of convergence for
a Heun function around x = 0 correspond to Table 1 accurately. I wish that there are some
computational errors in Table 1 in order to agree its solutions to the boundary of the disk of
convergence in Table 2. But it does not. There are no errors in Table 1! What’s going on here?
Why does boundary conditions for an infinite series of Heun function obtained by applying
Poincare´-Perron theorem disagree with Table 2?
We know that the hypergeometric function is defined by the power series
∞∑
n=0
cnxn = 1 +
ab
c 1!
x +
a(a + 1)b(b + 1)
c(c + 1) 2!
x2 +
a(a + 1)(a + 2)b(b + 1)(b + 2)
c(c + 1)(c + 2) 3!
x3 + · · · (2.52)
And its series consists of 2-term recurrence relation between successive coefficients. We can de-
cide what condition makes (2.52) as absolute convergent by taking the series of moduli
∑∞
n=0 |cn||x|n
such as
∞∑
n=0
|cn||x|n = 1 +
∣∣∣∣∣ abc 1!
∣∣∣∣∣ |x| + ∣∣∣∣∣a(a + 1)b(b + 1)c(c + 1) 2!
∣∣∣∣∣ |x|2
+
∣∣∣∣∣a(a + 1)(a + 2)b(b + 1)(b + 2)c(c + 1)(c + 2) 3!
∣∣∣∣∣ |x|3 + · · · (2.53)
By applying (2.46) into (2.53) to obtain its radius of convergence
lim
n→∞
∣∣∣∣∣ (n + a)(n + b)(n + c)(n + 1)
∣∣∣∣∣ |x| < 1 (2.54)
We know |x| < 1 for the absolute convergence of its series.
An asymptotic series expansion of (2.6a) is given by
∞∑
n=0
cnxn = 1 + Ax +
(
A2 + B
)
x2 +
(
A3 + 2AB
)
x3 +
(
A4 + 3A2B + B2
)
x4
+
(
A5 + 4A3B + 3AB2
)
x5 + · · · (2.55)
with c0 = 1 for simplicity. In general, the series of moduli
∑∞
n=0 |cn||x|n has been taken to deter-
mine that (2.55) is whether absolute convergent or not in the following way.
∞∑
n=0
|cn||x|n = 1 + |A||x| +
∣∣∣A2 + B∣∣∣ |x|2 + ∣∣∣A3 + 2AB∣∣∣ |x|3 + ∣∣∣A4 + 3A2B + B2∣∣∣ |x|4
+
∣∣∣A5 + 4A3B + 3AB2∣∣∣ |x|5 + · · · (2.56)
And Poincare´-Perron theorem is applied using this basic principle idea into a ratio of cn+1 to cn
in the recurrence relation of a Heun function around x = 0. Actually, this is wrong approach. We
should take all absolute values inside parentheses of (2.55). Otherwise, we can not obtain any
radius of convergence for a Heun function.
∞∑
n=0
|cn||x|n = 1 +
∣∣∣A∣∣∣|x| + (∣∣∣A2∣∣∣ + ∣∣∣B∣∣∣) |x|2 + (∣∣∣A3∣∣∣ + ∣∣∣2AB∣∣∣) |x|3 + (∣∣∣A4∣∣∣ + ∣∣∣3A2B∣∣∣ + ∣∣∣B2∣∣∣) |x|4
+
(∣∣∣A5∣∣∣ + ∣∣∣4A3B∣∣∣ + ∣∣∣3AB2∣∣∣) |x|5 + · · · (2.57)
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As we compare (2.53) with (2.57), we notice that a 2-term recurrence relation of a hypergeo-
metric function starts to appear and a 3-term recursion relation of a Heun function arises. Each
sequence cn of a hypergeometric function has only one term, but the number of a sum of all
coefficients in each sequence cn in (2.7) for a Heun function follows Fibonacci sequence. We can
not take absolute values of whole coefficients in each sequence of a 3-term recursive relation,
but we must take absolute values of individual terms, composed of several coefficients, in each
sequence. Thus we have to take absolute values of A and B in (2.48) to obtain the radius of
convergence.
L = lim
n→∞
∣∣∣∣∣∣∣∣∣∣∣∣∣
|A|−
√
|A|2+4|B|
2 −
|A|+
√
|A|2+4|B|
2
(
|A|+
√
|A|2+4|B|
|A|−
√
|A|2+4|B|
)n+1
1 −
(
|A|+
√
|A|2+4|B|
|A|−
√
|A|2+4|B|
)n+1
∣∣∣∣∣∣∣∣∣∣∣∣∣
|x| < 1 (2.58)
Two possible solutions of (2.58) are given by
If
∣∣∣∣∣∣∣ |A| +
√|A|2 + 4|B|
|A| − √|A|2 + 4|B|
∣∣∣∣∣∣∣ < 1, then L = 12
∣∣∣∣|A| − √|A|2 + 4|B|∣∣∣∣ |x| < 1 (2.59)
Or
If
∣∣∣∣∣∣∣ |A| +
√|A|2 + 4|B|
|A| − √|A|2 + 4|B|
∣∣∣∣∣∣∣ > 1, then L = 12
∣∣∣∣|A| + √|A|2 + 4|B|∣∣∣∣ |x| < 1 (2.60)
Put (2.6b) in (2.59) and (2.60), and final solutions of radius of convergence for a Heun function
around x = 0 correspond to Table 2 except the case of a = −1. This is a reason why we obtain
errors of the radius of convergence since we apply Poincare´-Perron theorem directly. Its theorem
only verify that a series solution of a Heun function is conditionally convergent. In order to use
its theorem, we must take all absolute values of constant coefficients αi in (2.2) such as
tk + |α1|tk−1 + |α2|tk−2 + · · · + |αk | = 0 (2.61)
The roots of the characteristic equation (2.61) is written by λ?1 , ..., λ
?
k . And an absolute value of
ui(n+1)
ui(n)
with limiting n→ ∞ in Thm.1 is equal to the absolute value of λ?i . With this revision, we
also obtain correct radius of convergence for a Heun function which is equivalent to Table 2.
However, as we mention the above, we can not obtain the radius of convergence for its series
solution in the case of a = −1 by applying Poincare´-Perron theorem. Because as a = −1 in |A|
and |B|, (2.58) turns to be
lim
n→∞
∣∣∣∣∣∣∣∣∣∣∣∣∣
|A|−
√
|A|2+4|B|
2 −
|A|+
√
|A|2+4|B|
2
(
|A|+
√
|A|2+4|B|
|A|−
√
|A|2+4|B|
)n+1
1 −
(
|A|+
√
|A|2+4|B|
|A|−
√
|A|2+4|B|
)n+1
∣∣∣∣∣∣∣∣∣∣∣∣∣
= lim
n→∞
∣∣∣∣∣−1 + (−1)n1 + (−1)n
∣∣∣∣∣
This case is undefined to determine whether the series converge or diverge. Instead, putting
a = −1 in (2.19) directly, we obtain the interval of convergence for a Heun function around
x = 0. As we see, even if we use the revised Poincare´-Perron theorem, we can not decide the
series solution for a = −1 is the absolute convergent or not accurately. There are no ways to
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construct asymptotic series solutions in closed forms using its theorem perfectly. Also, it is
really hard to obtain the roots of the characteristic polynomial for more than 4 term without
using computer simulations. Because of these reasons, we develop the new theorem to obtain
the radius of convergence and asymptotic series solutions of the multi-term recursive relation in
a power series in chapter 3 of Ref.[19]. By changing a coefficient a and an variable x in Table 2,
we can also obtain accurate numerical values of all 192 local solutions of the Heun equation [34]
using machine calculations.
3. Integral Formalism
3.1. Polynomial which makes Bn term terminated
There are three types of polynomials in three term recurrence relation of a linear ordinary
differential equation: (1) polynomial which makes Bn term terminated: An term is not terminated,
(2) polynomial which makes An term terminated: Bn term is not terminated, (3) polynomial
which makes An and Bn terms terminated at the same time.3 In general Heun polynomial is
defined as type 3 polynomial where An and Bn terms terminated. Heun polynomial comes from
Heun equation that has a fixed integer value of α or β, just as it has a fixed value of q. In three
term recurrence relation, polynomial of type 3 I categorize as complete polynomial. In future
papers I will derive type 3 Heun polynomial. In Ref.[18] I construct the power series expansion
and an integral form for Heun polynomial of type 2: I treat α, β, γ and δ as free variables and the
accessory parameter q as a fixed value. In this paper I treat α or/and β as a fixed value and γ, δ,
q as free variables to construct Heun polynomial of type 1 about the singular point at zero.
3.1.1. The case of α = −2αi − i − λ and β , −2βi − i − λ where i, αi, βi = 0, 1, 2, · · ·
Now let’s investigate the integral formalism for the polynomial case of Bn term terminated
at certain eigenvalue. There is a generalized hypergeometric function which is: In this paper
Pochhammer symbol (x)n is used to represent the rising factorial: (x)n =
Γ(x+n)
Γ(x) .
Il =
αl∑
il=il−1
(−αl)il ( β2 + l2 + λ2 )il (1 + l2 + λ2 )il−1 ( 12 + γ2 + l2 + λ2 )il−1
(−αl)il−1 ( β2 + l2 + λ2 )il−1 (1 + l2 + λ2 )il ( 12 + γ2 + l2 + λ2 )il
zil (3.1)
= zil−1
∞∑
j=0
B(il−1 + l2 +
λ
2 , j + 1)B(il−1 +
l
2 − 12 + γ2 + λ2 , j + 1)(il−1 − αl) j(il−1 + l2 + β2 + λ2 ) j
(il−1 + l2 +
λ
2 )
−1(il−1 + l2 − 12 + γ2 + λ2 )−1(1) j j!
z j
By using integral form of beta function,
B
(
il−1 +
l
2
+
λ
2
, j + 1
)
=
∫ 1
0
dtl t
il−1+ l2−1+ λ2
l (1 − tl) j (3.2a)
B
(
il−1 +
l
2
− 1
2
+
γ
2
+
λ
2
, j + 1
)
=
∫ 1
0
dul u
il−1+ l2− 32 + γ2 + λ2
l (1 − ul) j (3.2b)
3If An and Bn terms are not terminated, it turns to be infinite series.
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Substitute (3.2a) and (3.2b) into (3.1). And divide (il−1 + l2 +
λ
2 )(il−1 +
l
2 − 12 + γ2 + λ2 ) into Il.
Kl =
1
(il−1 + l2 +
λ
2 )(il−1 +
l
2 − 12 + γ2 + λ2 )
αl∑
il=il−1
(−αl)il ( β2 + l2 + λ2 )il (1 + l2 + λ2 )il−1 ( 12 + γ2 + l2 + λ2 )il−1
(−αl)il−1 ( β2 + l2 + λ2 )il−1 (1 + l2 + λ2 )il ( 12 + γ2 + l2 + λ2 )il
zil
=
∫ 1
0
dtl t
l
2−1+ λ2
l
∫ 1
0
dul u
l
2− 32 + γ2 + λ2
l (ztlul)
il−1
×
∞∑
j=0
(il−1 − αl) j(il−1 + l2 + β2 + λ2 ) j
(1) j j!
[z(1 − tl)(1 − ul)] j (3.3)
The integral form of hypergeometric function is defined by
2F1 (α, β; γ; z) =
∞∑
n=0
(α)n(β)n
(γ)n(n!)
zn
= − 1
2pii
Γ(1 − α)Γ(γ)
Γ(γ − α)
∮
dvl (−vl)α−1(1 − vl)γ−α−1(1 − zvl)−β (3.4)
where Re(γ − α) > 0
replaced α, β, γ and z by il−1 − αl, il−1 + l2 + β2 + λ2 , 1 and z(1 − tl)(1 − ul) in (3.4)
∞∑
j=0
(il−1 − αl) j(il−1 + l2 + β2 + λ2 ) j
(1) j j!
[z(1 − tl)(1 − ul)] j
=
1
2pii
∮
dvl
1
vl
(
1 − 1
vl
)αl
(1 − zvl(1 − tl)(1 − ul))− 12 (β+l+λ)
×
(
vl
(vl − 1)
1
1 − zvl(1 − tl)(1 − ul)
)il−1
(3.5)
Substitute (3.5) into (3.3).
Kl =
1
(il−1 + l2 +
λ
2 )(il−1 +
l
2 − 12 + γ2 + λ2 )
αl∑
il=il−1
(−αl)il ( β2 + l2 + λ2 )il (1 + l2 + λ2 )il−1 ( 12 + γ2 + l2 + λ2 )il−1
(−αl)il−1 ( β2 + l2 + λ2 )il−1 (1 + l2 + λ2 )il ( 12 + γ2 + l2 + λ2 )il
zil
=
∫ 1
0
dtl t
l
2−1+ λ2
l
∫ 1
0
dul u
l
2− 32 + γ2 + λ2
l
1
2pii
∮
dvl
1
vl
(
1 − 1
vl
)αl
(1 − zvl(1 − tl)(1 − ul))− 12 (β+l+λ)
×
(
vl
(vl − 1)
ztlul
1 − zvl(1 − tl)(1 − ul)
)il−1
(3.6)
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In Ref.[10], the general expression of power series of Heun function for polynomial which makes
Bn term terminated about x = 0 where α = −2αi − i − λ and β , −2βi − i − λ is
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) · · ·
= c0xλ
 α0∑
i0=0
(−α0)i0 ( β2 + λ2 )i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
zi0
+

α0∑
i0=0
(i0 + λ2 )
(
i0 + Γ
(S )
0
)
+ Q
(i0 + 12 +
λ
2 )(i0 +
γ
2 +
λ
2 )
(−α0)i0 ( β2 + λ2 )i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
×
α1∑
i1=i0
(−α1)i1 ( 12 + β2 + λ2 )i1 ( 32 + λ2 )i0 (1 + γ2 + λ2 )i0
(−α1)i0 ( 12 + β2 + λ2 )i0 ( 32 + λ2 )i1 (1 + γ2 + λ2 )i1
zi1
 η
+
∞∑
n=2

α0∑
i0=0
(i0 + λ2 )
(
i0 + Γ
(S )
0
)
+ Q
(i0 + 12 +
λ
2 )(i0 +
γ
2 +
λ
2 )
(−α0)i0 ( β2 + λ2 )i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
×
n−1∏
k=1

αk∑
ik=ik−1
(ik + k2 +
λ
2 )
(
ik + Γ
(S )
k
)
+ Q
(ik + k2 +
1
2 +
λ
2 )(ik +
k
2 +
γ
2 +
λ
2 )
(−αk)ik ( k2 + β2 + λ2 )ik (1 + k2 + λ2 )ik−1 ( 12 + k2 + γ2 + λ2 )ik−1
(−αk)ik−1 ( k2 + β2 + λ2 )ik−1 (1 + k2 + λ2 )ik ( 12 + k2 + γ2 + λ2 )ik

×
αn∑
in=in−1
(−αn)in ( n2 + β2 + λ2 )in (1 + n2 + λ2 )in−1 ( 12 + n2 + γ2 + λ2 )in−1
(−αn)in−1 ( n2 + β2 + λ2 )in−1 (1 + n2 + λ2 )in ( 12 + n2 + γ2 + λ2 )in
zin
 ηn
 (3.7)
where 
z = − 1a x2
η = (1+a)a x
αi ≤ α j only if i ≤ j where i, j = 0, 1, 2, · · ·
and 
Γ
(S )
0 =
1
2(1+a) (−2α0 + β − δ + a(δ + γ − 1 + λ))
Γ
(S )
k =
1
2(1+a) (−2αk + β − δ + a(δ + γ + λ + k − 1))
Q = q4(1+a)
Substitute (3.6) into (3.7) where l = 1, 2, 3, · · · ; apply K1 into the second summation of sub-
power series y1(x), apply K2 into the third summation and K1 into the second summation of
sub-power series y2(x), apply K3 into the forth summation, K2 into the third summation and K1
into the second summation of sub-power series y3(x), etc.4
Theorem 4. The general representation in the form of integral of Heun polynomial which makes
Bn term terminated about x = 0 as α = −2αi − i − λ and β , −2βi − i − λ where i, αi, βi ∈ N0 is
4y1(x) means the sub-power series in (3.7) contains one term of A′n s, y2(x) means the sub-power series in (3.7)
contains two terms of A′n s, y3(x) means the sub-power series in (3.7) contains three terms of A′n s, etc.
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given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0xλ
 α0∑
i0=0
(−α0)i0 ( β2 + λ2 )i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
zi0 +
∞∑
n=1
n−1∏
k=0
{∫ 1
0
dtn−k t
1
2 (n−k−2+λ)
n−k
∫ 1
0
dun−k u
1
2 (n−k−3+γ+λ)
n−k
× 1
2pii
∮
dvn−k
1
vn−k
(
1 − 1
vn−k
)αn−k (
1 −←→w n−k+1,nvn−k(1 − tn−k)(1 − un−k)
)− 12 (n−k+β+λ)
×
(←→w − 12 (n−k−1+λ)n−k,n (←→w n−k,n∂←→w n−k,n)←→w 12 (n−k−1+λ)n−k,n (←→w n−k,n∂←→w n−k,n + Ω(S )n−k−1) + Q) }
×
α0∑
i0=0
(−α0)i0 ( β2 + λ2 )i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
←→w i01,n
 ηn
 (3.8)
where
←→w i, j =

vi
(vi − 1)
←→w i+1, jtiui
1 −←→w i+1, jvi(1 − ti)(1 − ui)
where i ≤ j
z only if i > j
and Ω(S )n−k−1 = 12(1+a) (−2αn−k−1 + β − δ + a(δ + γ + n − k − 2 + λ))Q = q4(1+a)
On the above, the first sub-integral form contains one term of A′ns, the second one contains two
terms of An’s, the third one contains three terms of An’s, etc.
Proof of Theorem . In (3.7) sub-power series y0(x), y1(x), y2(x) and y3(x) of Heun polynomial
which makes Bn term terminated about x = 0 as α = −2αi − i − λ and β , −2βi − i − λ where
i, αi, βi ∈ N0 are given by
y0(x) = c0xλ
α0∑
i0=0
(−α0)i0 ( β2 + λ2 )i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
zi0 (3.9a)
y1(x) = c0xλ

α0∑
i0=0
(i0 + λ2 )
(
i0 + 12(1+a) (−2α0 + β − δ + a(δ + γ − 1 + λ))
)
+
q
4(1+a)
(i0 + 12 +
λ
2 )(i0 +
γ
2 +
λ
2 )
(−α0)i0 ( β2 + λ2 )i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
×
α1∑
i1=i0
(−α1)i1 ( 12 + β2 + λ2 )i1 ( 32 + λ2 )i0 (1 + γ2 + λ2 )i0
(−α1)i0 ( 12 + β2 + λ2 )i0 ( 32 + λ2 )i1 (1 + γ2 + λ2 )i1
zi1
 η (3.9b)
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y2(x) = c0xλ

α0∑
i0=0
(i0 + λ2 )
(
i0 + 12(1+a) (−2α0 + β − δ + a(δ + γ − 1 + λ))
)
+
q
4(1+a)
(i0 + 12 +
λ
2 )(i0 +
γ
2 +
λ
2 )
(−α0)i0 ( β2 + λ2 )i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
×
α1∑
i1=i0
(i1 + 12 +
λ
2 )
(
i1 + 12(1+a) (−2α1 + β − δ + a(δ + γ + λ))
)
+
q
4(1+a)
(i1 + 1 + λ2 )(i1 +
1
2 +
γ
2 +
λ
2 )
× (−α1)i1 (
1
2 +
β
2 +
λ
2 )i1 (
3
2 +
λ
2 )i0 (1 +
γ
2 +
λ
2 )i0
(−α1)i0 ( 12 + β2 + λ2 )i0 ( 32 + λ2 )i1 (1 + γ2 + λ2 )i1
α2∑
i2=i1
(−α2)i2 (1 + β2 + λ2 )i2 (2 + λ2 )i1 ( 32 + γ2 + λ2 )i1
(−α2)i1 (1 + β2 + λ2 )i1 (2 + λ2 )i2 ( 32 + γ2 + λ2 )i2
zi2
 η2 (3.9c)
y3(x) = c0xλ

α0∑
i0=0
(i0 + λ2 )
(
i0 + 12(1+a) (−2α0 + β − δ + a(δ + γ − 1 + λ))
)
+
q
4(1+a)
(i0 + 12 +
λ
2 )(i0 +
γ
2 +
λ
2 )
(−α0)i0 ( β2 + λ2 )i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
×
α1∑
i1=i0
(i1 + 12 +
λ
2 )
(
i1 + 12(1+a) (−2α1 + β − δ + a(δ + γ + λ))
)
+
q
4(1+a)
(i1 + 1 + λ2 )(i1 +
1
2 +
γ
2 +
λ
2 )
× (−α1)i1 (
1
2 +
β
2 +
λ
2 )i1 (
3
2 +
λ
2 )i0 (1 +
γ
2 +
λ
2 )i0
(−α1)i0 ( 12 + β2 + λ2 )i0 ( 32 + λ2 )i1 (1 + γ2 + λ2 )i1
×
α2∑
i2=i1
(i2 + 1 + λ2 )
(
i2 + 12(1+a) (−2α2 + β − δ + a(δ + γ + 1 + λ))
)
+
q
4(1+a)
(i2 + 32 +
λ
2 )(i2 + 1 +
γ
2 +
λ
2 )
× (−α2)i2 (1 +
β
2 +
λ
2 )i2 (2 +
λ
2 )i1 (
3
2 +
γ
2 +
λ
2 )i1
(−α2)i1 (1 + β2 + λ2 )i1 (2 + λ2 )i2 ( 32 + γ2 + λ2 )i2
α3∑
i3=i2
(−α3)i3 ( 32 + β2 + λ2 )i3 ( 52 + λ2 )i2 (2 + γ2 + λ2 )i2
(−α3)i2 ( 32 + β2 + λ2 )i2 ( 52 + λ2 )i3 (2 + γ2 + λ2 )i3
zi3
 η3 (3.9d)
Put l = 1 in (3.6). Take the new (3.6) into (3.9b).
y1(x) = c0xλ
∫ 1
0
dt1 t
1
2 (−1+λ)
1
∫ 1
0
du1 u
1
2 (−2+γ+λ)
1
1
2pii
∮
dv1
1
v1
(
1 − 1
v1
)α1
(1 − zv1(1 − t1)(1 − u1))− 12 (β+1+λ)
×
 α0∑
i0=0
((
i0 +
λ
2
) (
i0 +
1
2(1 + a)
(−2α0 + β − δ + a(δ + γ − 1 + λ))
)
+
q
4(1 + a)
)
× (−α0)i0 (
β
2 +
λ
2 )i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
(
t1u1v1
(v1 − 1)
z
1 − zv1(1 − t1)(1 − u1)
)i0 η
= c0xλ
∫ 1
0
dt1 t
1
2 (−1+λ)
1
∫ 1
0
du1 u
1
2 (−2+γ+λ)
1
1
2pii
∮
dv1
1
v1
(
1 − 1
v1
)α1
(1 − zv1(1 − t1)(1 − u1))− 12 (β+1+λ)
×
(
←→w − λ21,1
(←→w 1,1∂←→w 1,1)←→w λ21,1 (←→w 1,1∂←→w 1,1 + 12(1 + a) (−2α0 + β − δ + a(δ + γ − 1 + λ))
)
+
q
4(1 + a)
)
×
 α0∑
i0=0
(−α0)i0 ( β2 + λ2 )i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
←→w i01,1
 η (3.10)
where ←→w 1,1 = t1u1v1(v1 − 1)
z
1 − zv1(1 − t1)(1 − u1)
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Put l = 2 in (3.6). Take the new (3.6) into (3.9c).
y2(x) = c0xλ
∫ 1
0
dt2 t
λ
2
2
∫ 1
0
du2 u
1
2 (−1+γ+λ)
2
1
2pii
∮
dv2
1
v2
(
1 − 1
v2
)α2
(1 − zv2(1 − t2)(1 − u2))− 12 (β+2+λ)
×
(
←→w − 12 (1+λ)2,2
(←→w 2,2∂←→w 2,2)←→w 12 (1+λ)2,2 (←→w 2,2∂←→w 2,2 + 12(1 + a) (−2α1 + β − δ + a(δ + γ + λ))
)
+
q
4(1 + a)
)
×

α0∑
i0=0
(i0 + λ2 )
(
i0 + 12(1+a) (−2α0 + β − δ + a(δ + γ − 1 + λ))
)
+
q
4(1+a)
(i0 + 12 +
λ
2 )(i0 +
γ
2 +
λ
2 )
(−α0)i0 ( β2 + λ2 )i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
×
α1∑
i1=i0
(−α1)i1 ( 12 + β2 + λ2 )i1 ( 32 + λ2 )i0 (1 + γ2 + λ2 )i0
(−α1)i0 ( 12 + β2 + λ2 )i0 ( 32 + λ2 )i1 (1 + γ2 + λ2 )i1
←→w i12,2
 η2 (3.11)
where ←→w 2,2 = t2u2v2(v2 − 1)
z
1 − zv2(1 − t2)(1 − u2)
Put l = 1 and z =←→w 2,2 in (3.6). Take the new (3.6) into (3.11).
y2(x) = c0xλ
∫ 1
0
dt2 t
λ
2
2
∫ 1
0
du2 u
1
2 (−1+γ+λ)
2
1
2pii
∮
dv2
1
v2
(
1 − 1
v2
)α2
(1 − zv2(1 − t2)(1 − u2))− 12 (β+2+λ)
×
(
←→w − 12 (1+λ)2,2
(←→w 2,2∂←→w 2,2)←→w 12 (1+λ)2,2 (←→w 2,2∂←→w 2,2 + 12(1 + a) (−2α1 + β − δ + a(δ + γ + λ))
)
+
q
4(1 + a)
)
×
∫ 1
0
dt1 t
1
2 (−1+λ)
1
∫ 1
0
du1 u
1
2 (−2+γ+λ)
1
1
2pii
∮
dv1
1
v1
(
1 − 1
v1
)α1 (
1 −←→w 2,2v1(1 − t1)(1 − u1)
)− 12 (β+1+λ)
×
(
←→w − λ21,2
(←→w 1,2∂←→w 1,2)←→w λ21,2 (←→w 1,2∂←→w 1,2 + 12(1 + a) (−2α0 + β − δ + a(δ + γ − 1 + λ))
)
+
q
4(1 + a)
)
×
 α0∑
i0=0
(−α0)i0 ( β2 + λ2 )i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
←→w i01,2
 η2 (3.12)
where
←→w 1,2 = t1u1v1(v1 − 1)
←→w 2,2
1 −←→w 2,2v1(1 − t1)(1 − u1)
By using similar process for the previous cases of integral forms of y1(x) and y2(x), the integral
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form of sub-power series expansion of y3(x) is
y3(x) = c0xλ
∫ 1
0
dt3 t
1
2 (1+λ)
3
∫ 1
0
du3 u
1
2 (γ+λ)
3
1
2pii
∮
dv3
1
v3
(
1 − 1
v3
)α3
(1 − zv3(1 − t3)(1 − u3))− 12 (β+3+λ)
×
(
←→w − 12 (2+λ)3,3
(←→w 3,3∂←→w 3,3)←→w 12 (2+λ)3,3 (←→w 3,3∂←→w 3,3 + 12(1 + a) (−2α2 + β − δ + a(δ + γ + 1 + λ))
)
+
q
4(1 + a)
)
×
∫ 1
0
dt2 t
λ
2
2
∫ 1
0
du2 u
1
2 (−1+γ+λ)
2
1
2pii
∮
dv2
1
v2
(
1 − 1
v2
)α2 (
1 −←→w 3,3v2(1 − t2)(1 − u2)
)− 12 (β+2+λ)
×
(
←→w − 12 (1+λ)2,3
(←→w 2,3∂←→w 2,3)←→w 12 (1+λ)2,3 (←→w 2,3∂←→w 2,3 + 12(1 + a) (−2α1 + β − δ + a(δ + γ + λ))
)
+
q
4(1 + a)
)
×
∫ 1
0
dt1 t
1
2 (−1+λ)
1
∫ 1
0
du1 u
1
2 (−2+γ+λ)
1
1
2pii
∮
dv1
1
v1
(
1 − 1
v1
)α1 (
1 −←→w 2,3v1(1 − t1)(1 − u1)
)− 12 (β+1+λ)
×
(
←→w − λ21,3
(←→w 1,3∂←→w 1,3)←→w λ21,3 (←→w 1,3∂←→w 1,3 + 12(1 + a) (−2α0 + β − δ + a(δ + γ − 1 + λ))
)
+
q
4(1 + a)
)
×
 α0∑
i0=0
(−α0)i0 ( β2 + λ2 )i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
←→w i01,3
 η3 (3.13)
where 
←→w 3,3 = t3u3v3(v3−1) z1−zv3(1−t3)(1−u3)←→w 2,3 = t2u2v2(v2−1)
←→w 3,3
1−←→w 3,3v2(1−t2)(1−u2)←→w 1,3 = t1u1v1(v1−1)
←→w 2,3
1−←→w 2,3v1(1−t1)(1−u1)
By repeating this process for all higher terms of integral forms of sub-summation ym(x) terms
where m ≥ 4, we obtain every integral forms of ym(x) terms. Since we substitute (3.9a), (3.10),
(3.12), (3.13) and including all integral forms of ym(x) terms where m ≥ 4 into (3.7), we obtain
(3.8). 
Put c0= 1 as λ=0 for the first kind of independent solutions of Heun equation and c0 =
(
a−1(1 + a)
)1−γ
as λ = 1 − γ for the second one in (3.8).
Remark 1. The integral representation of Heun equation of the first kind for polynomial which
makes Bn term terminated about x = 0 as α = −2α j − j where j, α j = 0, 1, 2, · · · is
y(x) = HFα j,β
(
α j = −12(α + j)
∣∣∣
j∈N0 ; η =
(1 + a)
a
x; z = −1
a
x2
)
= 2F1
(
−α0, β2 ;
1
2
+
γ
2
; z
)
+
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
1
2 (n−k−2)
n−k
∫ 1
0
dun−k u
1
2 (n−k−3+γ)
n−k
× 1
2pii
∮
dvn−k
1
vn−k
(
1 − 1
vn−k
)αn−k (
1 −←→w n−k+1,nvn−k(1 − tn−k)(1 − un−k)
)− 12 (n−k+β)
×
(←→w − 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n)←→w 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n + Ω(S )n−k−1) + Q) }
×2F1
(
−α0, β2 ;
1
2
+
γ
2
;←→w 1,n
) }
ηn (3.14)
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where Ω(S )n−k−1 = 12(1+a) (−2αn−k−1 + β − δ + a(δ + γ + n − k − 2))Q = q4(1+a)
Remark 2. The integral representation of Heun equation of the second kind for polynomial
which makes Bn term terminated about x = 0 as α = −2α j − j − 1 + γ where j = 0, 1, 2, · · · is
y(x) = HS α j,β
(
α j = −12(α + 1 − γ + j)
∣∣∣
j∈N0 ; η =
(1 + a)
a
x; z = −1
a
x2
)
= z
1
2 (1−γ)
{
2F1
(
−α0, β2 +
1
2
− γ
2
;
3
2
− γ
2
; z
)
+
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
1
2 (n−k−1−γ)
n−k
∫ 1
0
dun−k u
1
2 (n−k−2)
n−k
1
2pii
∮
dvn−k
1
vn−k
(
1 − 1
vn−k
)αn−k
×
(
1 −←→w n−k+1,nvn−k(1 − tn−k)(1 − un−k)
)− 12 (n−k+1+β−γ)
×
(←→w − 12 (n−k−γ)n−k,n (←→w n−k,n∂←→w n−k,n)←→w 12 (n−k−γ)n−k,n (←→w n−k,n∂←→w n−k,n + Ω(S )n−k−1) + Q) }
×2F1
(
−α0, β2 +
1
2
− γ
2
;
3
2
− γ
2
;←→w 1,n
) }
ηn
}
(3.15)
where Ω(S )n−k−1 = 12(1+a) (−2αn−k−1 + β − δ + a(δ + n − k − 1))Q = q4(1+a)
3.1.2. The case of α = −2αi− i−λ and β = −2βi− i−λ only if αi ≤ βi where i, αi, βi = 0, 1, 2, · · ·
Replace β by −2βl − l − λ where l, βl ∈ N0 into (3.6) .
Gl =
1
(il−1 + l2 +
λ
2 )(il−1 +
l
2 − 12 + γ2 + λ2 )
αl∑
il=il−1
(−αl)il (−βl)il (1 + l2 + λ2 )il−1 ( 12 + γ2 + l2 + λ2 )il−1
(−αl)il−1 (−βl)il−1 (1 + l2 + λ2 )il ( 12 + γ2 + l2 + λ2 )il
zil
=
∫ 1
0
dtl t
l
2−1+ λ2
l
∫ 1
0
dul u
l
2− 32 + γ2 + λ2
l
1
2pii
∮
dvl
1
vl
(
1 − 1
vl
)αl
(1 − zvl(1 − tl)(1 − ul))βl
×
(
vl
(vl − 1)
ztlul
1 − zvl(1 − tl)(1 − ul)
)il−1
(3.16)
In Ref.[10], the general expression of power series of Heun function for polynomial which makes
Bn term terminated about x = 0 where α = −2αi − i − λ and β = −2βi − i − λ only if αi ≤ βi is
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given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0xλ
 α0∑
i0=0
(−α0)i0 (−β0)i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
zi0
+

α0∑
i0=0
(i0 + λ2 )
(
i0 + Γ
(B)
0
)
+ Q
(i0 + 12 +
λ
2 )(i0 +
γ
2 +
λ
2 )
(−α0)i0 (−β0)i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
α1∑
i1=i0
(−α1)i1 (−β1)i1 ( 32 + λ2 )i0 (1 + γ2 + λ2 )i0
(−α1)i0 (−β1)i0 ( 32 + λ2 )i1 (1 + γ2 + λ2 )i1
zi1
 η
+
∞∑
n=2

α0∑
i0=0
(i0 + λ2 )
(
i0 + Γ
(B)
0
)
+ Q
(i0 + 12 +
λ
2 )(i0 +
γ
2 +
λ
2 )
(−α0)i0 (−β0)i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
×
n−1∏
k=1

αk∑
ik=ik−1
(ik + k2 +
λ
2 )
(
ik + Γ
(B)
k
)
+ Q
(ik + k2 +
1
2 +
λ
2 )(ik +
k
2 +
γ
2 +
λ
2 )
(−αk)ik (−βk)ik (1 + k2 + λ2 )ik−1 ( 12 + k2 + γ2 + λ2 )ik−1
(−αk)ik−1 (−βk)ik−1 (1 + k2 + λ2 )ik ( 12 + k2 + γ2 + λ2 )ik

×
αn∑
in=in−1
(−αn)in (−βn)in (1 + n2 + λ2 )in−1 ( 12 + n2 + γ2 + λ2 )in−1
(−αn)in−1 (−βn)in−1 (1 + n2 + λ2 )in ( 12 + n2 + γ2 + λ2 )in
zin
 ηn
 (3.17)
where 
z = − 1a x2
η = (1+a)a x
αi ≤ α j only if i ≤ j where i, j = 0, 1, 2, · · ·
and 
Γ
(B)
0 =
1
2(1+a) (−2α0 − 2β0 − δ − λ + a(δ + γ − 1 + λ))
Γ
(B)
k =
1
2(1+a) (−2αk − 2βk − k − δ − λ + a(δ + γ + k − 1 + λ))
Q = q4(1+a)
Substitute (3.16) into (3.17) where l = 1, 2, 3, · · · ; apply G1 into the second summation of sub-
power series y1(x), apply G2 into the third summation and G1 into the second summation of
sub-power series y2(x), apply G3 into the forth summation, G2 into the third summation and G1
into the second summation of sub-power series y3(x), etc.5
Theorem 5. The general representation in the form of integral of Heun polynomial which makes
Bn term terminated about x = 0 as α = −2αi − i − λ and β = −2βi − i − λ only if αi ≤ βi where
5y1(x) means the sub-power series in (3.17) contains one term of A′n s, y2(x) means the sub-power series in (3.17)
contains two terms of A′n s, y3(x) means the sub-power series in (3.17) contains three terms of A′n s, etc.
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i, αi, βi ∈ N0 is given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0xλ
{ α0∑
i0=0
(−α0)i0 (−β0)i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
zi0 +
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
1
2 (n−k−2+λ)
n−k
∫ 1
0
dun−k u
1
2 (n−k−3+γ+λ)
n−k
× 1
2pii
∮
dvn−k
1
vn−k
(
1 − 1
vn−k
)αn−k (
1 −←→w n−k+1,nvn−k(1 − tn−k)(1 − un−k)
)βn−k
×
(←→w − 12 (n−k−1+λ)n−k,n (←→w n−k,n∂←→w n−k,n)←→w 12 (n−k−1+λ)n−k,n (←→w n−k,n∂←→w n−k,n + Ω(B)n−k−1) + Q) }
×
α0∑
i0=0
(−α0)i0 (−β0)i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
←→w i01,n
}
ηn
}
(3.18)
whereΩ(B)n−k−1 = 12(1+a) (−2αn−k−1 − 2βn−k−1 − δ − n + 1 + k − λ + a(δ + γ + n − k − 2 + λ))Q = q4(1+a)
Proof of Theorem . In (3.17) sub-power series y0(x), y1(x), y2(x) and y3(x) of Heun polynomial
which makes Bn term terminated about x = 0 as α = −2αi − i − λ and β = −2βi − i − λ where
i, αi, βi ∈ N0 are given by
y0(x) = c0xλ
α0∑
i0=0
(−α0)i0 (−β0)i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
zi0 (3.19a)
y1(x) = c0xλ

α0∑
i0=0
(i0 + λ2 )
(
i0 + 12(1+a) (−2α0 − 2β0 − δ − λ + a(δ + γ − 1 + λ))
)
+
q
4(1+a)
(i0 + 12 +
λ
2 )(i0 +
γ
2 +
λ
2 )
(−α0)i0 (−β0)i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
×
α1∑
i1=i0
(−α1)i1 (−β1)i1 ( 32 + λ2 )i0 (1 + γ2 + λ2 )i0
(−α1)i0 (−β1)i0 ( 32 + λ2 )i1 (1 + γ2 + λ2 )i1
zi1
 η (3.19b)
y2(x) = c0xλ

α0∑
i0=0
(i0 + λ2 )
(
i0 + 12(1+a) (−2α0 − 2β0 − δ − λ + a(δ + γ − 1 + λ))
)
+
q
4(1+a)
(i0 + 12 +
λ
2 )(i0 +
γ
2 +
λ
2 )
(−α0)i0 (−β0)i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
×
α1∑
i1=i0
(i1 + 12 +
λ
2 )
(
i1 + 12(1+a) (−2α1 − 2β1 − 1 − δ − λ + a(δ + γ + λ))
)
+
q
4(1+a)
(i1 + 1 + λ2 )(i1 +
1
2 +
γ
2 +
λ
2 )
× (−α1)i1 (−β1)i1 (
3
2 +
λ
2 )i0 (1 +
γ
2 +
λ
2 )i0
(−α1)i0 (−β1)i0 ( 32 + λ2 )i1 (1 + γ2 + λ2 )i1
α2∑
i2=i1
(−α2)i2 (−β2)i2 (2 + λ2 )i1 ( 32 + γ2 + λ2 )i1
(−α2)i1 (−β2)i1 (2 + λ2 )i2 ( 32 + γ2 + λ2 )i2
zi2
 η2 (3.19c)
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y3(x) = c0xλ

α0∑
i0=0
(i0 + λ2 )
(
i0 + 12(1+a) (−2α0 − 2β0 − δ − λ + a(δ + γ − 1 + λ))
)
+
q
4(1+a)
(i0 + 12 +
λ
2 )(i0 +
γ
2 +
λ
2 )
(−α0)i0 (−β0)i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
×
α1∑
i1=i0
(i1 + 12 +
λ
2 )
(
i1 + 12(1+a) (−2α1 − 2β1 − 1 − δ − λ + a(δ + γ + λ))
)
+
q
4(1+a)
(i1 + 1 + λ2 )(i1 +
1
2 +
γ
2 +
λ
2 )
× (−α1)i1 (−β1)i1 (
3
2 +
λ
2 )i0 (1 +
γ
2 +
λ
2 )i0
(−α1)i0 (−β1)i0 ( 32 + λ2 )i1 (1 + γ2 + λ2 )i1
×
α2∑
i2=i1
(i2 + 1 + λ2 )
(
i2 + 12(1+a) (−2α2 − 2β2 − 2 − δ − λ + a(δ + γ + 1 + λ))
)
+
q
4(1+a)
(i2 + 32 +
λ
2 )(i2 + 1 +
γ
2 +
λ
2 )
× (−α2)i2 (−β2)i2 (2 +
λ
2 )i1 (
3
2 +
γ
2 +
λ
2 )i1
(−α2)i1 (−β2)i1 (2 + λ2 )i2 ( 32 + γ2 + λ2 )i2
α3∑
i3=i2
(−α3)i3 (−β3)i3 ( 52 + λ2 )i2 (2 + γ2 + λ2 )i2
(−α3)i2 (−β3)i2 ( 52 + λ2 )i3 (2 + γ2 + λ2 )i3
zi3
 η3 (3.19d)
Put l = 1 in (3.16). Take the new (3.16) into (3.19b).
y1(x) = c0xλ
∫ 1
0
dt1 t
1
2 (−1+λ)
1
∫ 1
0
du1 u
1
2 (−2+γ+λ)
1
1
2pii
∮
dv1
1
v1
(
1 − 1
v1
)α1
(1 − zv1(1 − t1)(1 − u1))β1
×
 α0∑
i0=0
((
i0 +
λ
2
) (
i0 +
1
2(1 + a)
(−2α0 − 2β0 − δ − λ + a(δ + γ − 1 + λ))
)
+
q
4(1 + a)
)
× (−α0)i0 (−β0)i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
(
t1u1v1
(v1 − 1)
z
1 − zv1(1 − t1)(1 − u1)
)i0 η
= c0xλ
∫ 1
0
dt1 t
1
2 (−1+λ)
1
∫ 1
0
du1 u
1
2 (−2+γ+λ)
1
1
2pii
∮
dv1
1
v1
(
1 − 1
v1
)α1
(1 − zv1(1 − t1)(1 − u1))β1
×
(
←→w − λ21,1
(←→w 1,1∂←→w 1,1)←→w λ21,1 (←→w 1,1∂←→w 1,1 + 12(1 + a) (−2α0 − 2β0 − δ − λ + a(δ + γ − 1 + λ))
)
+
q
4(1 + a)
)
×
 α0∑
i0=0
(−α0)i0 (−β0)i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
←→w i01,1
 η (3.20)
where ←→w 1,1 = t1u1v1(v1 − 1)
z
1 − zv1(1 − t1)(1 − u1)
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Put l = 2 in (3.16). Take the new (3.16) into (3.19c).
y2(x) = c0xλ
∫ 1
0
dt2 t
λ
2
2
∫ 1
0
du2 u
1
2 (−1+γ+λ)
2
1
2pii
∮
dv2
1
v2
(
1 − 1
v2
)α2
(1 − zv2(1 − t2)(1 − u2))β2
×
(←→w − 12 (1+λ)2,2 (←→w 2,2∂←→w 2,2)←→w 12 (1+λ)2,2 (←→w 2,2∂←→w 2,2
+
1
2(1 + a)
(−2α1 − 2β1 − 1 − δ − λ + a(δ + γ + λ))
)
+
q
4(1 + a)
)
×

α0∑
i0=0
(i0 + λ2 )
(
i0 + 12(1+a) (−2α0 − 2β0 − δ − λ + a(δ + γ − 1 + λ))
)
+
q
4(1+a)
(i0 + 12 +
λ
2 )(i0 +
γ
2 +
λ
2 )
(−α0)i0 (−β0)i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
×
α1∑
i1=i0
(−α1)i1 (−β1)i1 ( 32 + λ2 )i0 (1 + γ2 + λ2 )i0
(−α1)i0 (−β1)i0 ( 32 + λ2 )i1 (1 + γ2 + λ2 )i1
←→w i12,2
 η2 (3.21)
where ←→w 2,2 = t2u2v2(v2 − 1)
z
1 − zv2(1 − t2)(1 − u2)
Put l = 1 and z =←→w 2,2 in (3.16). Take the new (3.16) into (3.21).
y2(x) = c0xλ
∫ 1
0
dt2 t
λ
2
2
∫ 1
0
du2 u
1
2 (−1+γ+λ)
2
1
2pii
∮
dv2
1
v2
(
1 − 1
v2
)α2
(1 − zv2(1 − t2)(1 − u2))β2
×
(←→w − 12 (1+λ)2,2 (←→w 2,2∂←→w 2,2)←→w 12 (1+λ)2,2 (←→w 2,2∂←→w 2,2
+
1
2(1 + a)
(−2α1 − 2β1 − 1 − δ − λ + a(δ + γ + λ))
)
+
q
4(1 + a)
)
×
∫ 1
0
dt1 t
1
2 (−1+λ)
1
∫ 1
0
du1 u
1
2 (−2+γ+λ)
1
1
2pii
∮
dv1
1
v1
(
1 − 1
v1
)α1 (
1 −←→w 2,2v1(1 − t1)(1 − u1)
)β1
×
(
←→w − λ21,2
(←→w 1,2∂←→w 1,2)←→w λ21,2 (←→w 1,2∂←→w 1,2 + 12(1 + a) (−2α0 − 2β0 − δ − λ + a(δ + γ − 1 + λ))
)
+
q
4(1 + a)
)
×
 α0∑
i0=0
(−α0)i0 (−β0)i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
←→w i01,2
 η2 (3.22)
where
←→w 1,2 = t1u1v1(v1 − 1)
←→w 2,2
1 −←→w 2,2v1(1 − t1)(1 − u1)
By using similar process for the previous cases of integral forms of y1(x) and y2(x), the integral
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form of sub-power series expansion of y3(x) is
y3(x) = c0xλ
∫ 1
0
dt3 t
1
2 (1+λ)
3
∫ 1
0
du3 u
1
2 (γ+λ)
3
1
2pii
∮
dv3
1
v3
(
1 − 1
v3
)α3
(1 − zv3(1 − t3)(1 − u3))β3
×
(←→w − 12 (2+λ)3,3 (←→w 3,3∂←→w 3,3)←→w 12 (2+λ)3,3 (←→w 3,3∂←→w 3,3
+
1
2(1 + a)
(−2α2 − 2β2 − 2 − δ − λ + a(δ + γ + 1 + λ))
)
+
q
4(1 + a)
)
×
∫ 1
0
dt2 t
λ
2
2
∫ 1
0
du2 u
1
2 (−1+γ+λ)
2
1
2pii
∮
dv2
1
v2
(
1 − 1
v2
)α2 (
1 −←→w 3,3v2(1 − t2)(1 − u2)
)β2
×
(←→w − 12 (1+λ)2,3 (←→w 2,3∂←→w 2,3)←→w 12 (1+λ)2,3 (←→w 2,3∂←→w 2,3
+
1
2(1 + a)
(−2α1 − 2β1 − 1 − δ − λ + a(δ + γ + λ))
)
+
q
4(1 + a)
)
×
∫ 1
0
dt1 t
1
2 (−1+λ)
1
∫ 1
0
du1 u
1
2 (−2+γ+λ)
1
1
2pii
∮
dv1
1
v1
(
1 − 1
v1
)α1 (
1 −←→w 2,3v1(1 − t1)(1 − u1)
)β1
×
(
←→w − λ21,3
(←→w 1,3∂←→w 1,3)←→w λ21,3 (←→w 1,3∂←→w 1,3 + 12(1 + a) (−2α0 − 2β0 − δ − λ + a(δ + γ − 1 + λ))
)
+
q
4(1 + a)
)
×
 α0∑
i0=0
(−α0)i0 (−β0)i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
←→w i01,3
 η3 (3.23)
where 
←→w 3,3 = t3u3v3(v3−1) z1−zv3(1−t3)(1−u3)←→w 2,3 = t2u2v2(v2−1)
←→w 3,3
1−←→w 3,3v2(1−t2)(1−u2)←→w 1,3 = t1u1v1(v1−1)
←→w 2,3
1−←→w 2,3v1(1−t1)(1−u1)
By repeating this process for all higher terms of integral forms of sub-summation ym(x) terms
where m ≥ 4, we obtain every integral forms of ym(x) terms. Since we substitute (3.19a), (3.20),
(3.22), (3.23) and including all integral forms of ym(x) terms where m ≥ 4 into (3.17), we obtain
(3.18).6 
Put c0= 1 as λ=0 for the first kind of independent solutions of Heun equation and c0 =
(
a−1(1 + a)
)1−γ
as λ = 1 − γ for the second one in (3.18).
Remark 3. The integral representation of Heun equation of the first kind for polynomial which
makes Bn term terminated about x = 0 as α = −2α j − j and β = −2β j − j only if α j ≤ β j where
6Or put β = −2βi − i − λ into (3.8). Its solution is equivalent to (3.18).
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j, α j, β j = 0, 1, 2, · · · is
y(x) = HFα j,β j
(
α j = −12(α + j), β j = −
1
2
(β + j)
∣∣∣
j∈N0 ; η =
(1 + a)
a
x; z = −1
a
x2
)
= 2F1
(
−α0,−β0; 12 +
γ
2
; z
)
+
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
1
2 (n−k−2)
n−k
∫ 1
0
dun−k u
1
2 (n−k−3+γ)
n−k
× 1
2pii
∮
dvn−k
1
vn−k
(
1 − 1
vn−k
)αn−k (
1 −←→w n−k+1,nvn−k(1 − tn−k)(1 − un−k)
)βn−k
×
(←→w − 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n)←→w 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n + Ω(B)n−k−1) + Q) }
×2F1
(
−α0,−β0; 12 +
γ
2
;←→w 1,n
) }
ηn (3.24)
where Ω(B)n−k−1 = 12(1+a) (−2αn−k−1 − 2βn−k−1 − δ − n + 1 + k + a(δ + γ + n − k − 2))Q = q4(1+a)
Remark 4. The integral representation of Heun equation of the second kind for polynomial
which makes Bn term terminated about x = 0 as α = −2α j − j − 1 + γ and β = −2β j − j − 1 + γ
only if α j ≤ β j where j, α j, β j = 0, 1, 2, · · · is
y(x) = HS α j,β j
(
α j = −12(α + 1 − γ + j), β j = −
1
2
(β + 1 − γ + j)∣∣∣ j∈N0 ; η = (1 + a)a x; z = −1a x2
)
= z
1
2 (1−γ)
{
2F1
(
−α0,−β0; 32 −
γ
2
; z
)
+
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
1
2 (n−k−1−γ)
n−k
∫ 1
0
dun−k u
1
2 (n−k−2)
n−k
× 1
2pii
∮
dvn−k
1
vn−k
(
1 − 1
vn−k
)αn−k (
1 −←→w n−k+1,nvn−k(1 − tn−k)(1 − un−k)
)βn−k
×
(←→w − 12 (n−k−γ)n−k,n (←→w n−k,n∂←→w n−k,n)←→w 12 (n−k−γ)n−k,n (←→w n−k,n∂←→w n−k,n + Ω(B)n−k−1) + Q) }
×2F1
(
−α0,−β0; 32 −
γ
2
;←→w 1,n
) }
ηn
}
(3.25)
where Ω(B)n−k−1 = 12(1+a) (−2αn−k−1 − 2βn−k−1 − δ + γ − n + k + a(δ + n − k − 1))Q = q4(1+a)
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3.2. Infinite series
Let’s consider the integral representation of Heun equation about x = 0 for infinite series.
There is a generalized hypergeometric function which is written by
Ml =
∞∑
il=il−1
(α2 +
l
2 +
λ
2 )il (
β
2 +
l
2 +
λ
2 )il (1 +
l
2 +
λ
2 )il−1 (
1
2 +
γ
2 +
l
2 +
λ
2 )il−1
(α2 +
l
2 +
λ
2 )il−1 (
β
2 +
l
2 +
λ
2 )il−1 (1 +
l
2 +
λ
2 )il (
1
2 +
γ
2 +
l
2 +
λ
2 )il
zil (3.26)
= zil−1
∞∑
j=0
B(il−1 + l2 +
λ
2 , j + 1)B(il−1 +
l
2 − 12 + γ2 + λ2 , j + 1)(il−1 + l2 + α2 + λ2 ) j(il−1 + l2 + β2 + λ2 ) j
(il−1 + l2 +
λ
2 )
−1(il−1 + l2 − 12 + γ2 + λ2 )−1(1) j j!
z j
Substitute (3.2a) and (3.2b) into (3.26). Divide (il−1 + l2 +
λ
2 )(il−1 +
l
2 − 12 + γ2 + λ2 ) into the new
(3.26).
Vl =
1
(il−1 + l2 +
λ
2 )(il−1 +
l
2 − 12 + γ2 + λ2 )
∞∑
il=il−1
(α2 +
l
2 +
λ
2 )il (
β
2 +
l
2 +
λ
2 )il (1 +
l
2 +
λ
2 )il−1 (
1
2 +
γ
2 +
l
2 +
λ
2 )il−1
(α2 +
l
2 +
λ
2 )il−1 (
β
2 +
l
2 +
λ
2 )il−1 (1 +
l
2 +
λ
2 )il (
1
2 +
γ
2 +
l
2 +
λ
2 )il
zil
=
∫ 1
0
dtl t
l
2−1+ λ2
l
∫ 1
0
dul u
l
2− 32 + γ2 + λ2
l (ztlul)
il−1
×
∞∑
j=0
(il−1 + l2 +
α
2 +
λ
2 ) j(il−1 +
l
2 +
β
2 +
λ
2 ) j
(1) j j!
[z(1 − tl)(1 − ul)] j (3.27)
The hypergeometric function is defined by
2F1 (α, β; γ; z) =
∞∑
n=0
(α)n(β)n
(γ)n(n!)
zn
=
1
2pii
Γ(1 + α − γ)
Γ(α)
∫ (1+)
0
dvl (−1)γ(−vl)α−1(1 − vl)γ−α−1(1 − zvl)−β (3.28)
where γ − α , 1, 2, 3, · · · , Re(α) > 0
Replace α, β, γ and z by il−1 + l2 +
α
2 +
λ
2 , il−1 +
l
2 +
β
2 +
λ
2 , 1 and z(1 − tl)(1 − ul) in (3.28). Take
the new (3.28) into (3.27).
Vl =
1
(il−1 + l2 +
λ
2 )(il−1 +
l
2 − 12 + γ2 + λ2 )
∞∑
il=il−1
(α2 +
l
2 +
λ
2 )il (
β
2 +
l
2 +
λ
2 )il (1 +
l
2 +
λ
2 )il−1 (
1
2 +
γ
2 +
l
2 +
λ
2 )il−1
(α2 +
l
2 +
λ
2 )il−1 (
β
2 +
l
2 +
λ
2 )il−1 (1 +
l
2 +
λ
2 )il (
1
2 +
γ
2 +
l
2 +
λ
2 )il
zil
=
∫ 1
0
dtl t
l
2−1+ λ2
l
∫ 1
0
dul u
l
2− 32 + γ2 + λ2
l
1
2pii
∮
dvl
1
vl
(
1 − 1
vl
)− 12 (α+l+λ)
(1 − zvl(1 − tl)(1 − ul))− 12 (β+l+λ)
×
(
vl
(vl − 1)
ztlul
1 − zvl(1 − tl)(1 − ul)
)il−1
(3.29)
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In Ref.[10] the general expression of power series of Heun function for infinite series about x = 0
is given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0xλ

∞∑
i0=0
(α2 +
λ
2 )i0 (
β
2 +
λ
2 )i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
zi0 +

∞∑
i0=0
(i0 + λ2 )
(
i0 + Γ
(I)
0
)
+ Q
(i0 + 12 +
λ
2 )(i0 +
γ
2 +
λ
2 )
× (
α
2 +
λ
2 )i0 (
β
2 +
λ
2 )i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
∞∑
i1=i0
( 12 +
α
2 +
λ
2 )i1 (
1
2 +
β
2 +
λ
2 )i1 (
3
2 +
λ
2 )i0 (1 +
γ
2 +
λ
2 )i0
( 12 +
α
2 +
λ
2 )i0 (
1
2 +
β
2 +
λ
2 )i0 (
3
2 +
λ
2 )i1 (1 +
γ
2 +
λ
2 )i1
zi1
 η
+
∞∑
n=2

∞∑
i0=0
(i0 + λ2 )
(
i0 + Γ
(I)
0
)
+ Q
(i0 + 12 +
λ
2 )(i0 +
γ
2 +
λ
2 )
(α2 +
λ
2 )i0 (
β
2 +
λ
2 )i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik + k2 +
λ
2 )
(
ik + Γ
(I)
k
)
+ Q
(ik + k2 +
1
2 +
λ
2 )(ik +
k
2 +
γ
2 +
λ
2 )
× (
k
2 +
α
2 +
λ
2 )ik (
k
2 +
β
2 +
λ
2 )ik (1 +
k
2 +
λ
2 )ik−1 (
1
2 +
k
2 +
γ
2 +
λ
2 )ik−1
( k2 +
α
2 +
λ
2 )ik−1 (
k
2 +
β
2 +
λ
2 )ik−1 (1 +
k
2 +
λ
2 )ik (
1
2 +
k
2 +
γ
2 +
λ
2 )ik

×
∞∑
in=in−1
( n2 +
α
2 +
λ
2 )in (
n
2 +
β
2 +
λ
2 )in (1 +
n
2 +
λ
2 )in−1 (
1
2 +
n
2 +
γ
2 +
λ
2 )in−1
( n2 +
α
2 +
λ
2 )in−1 (
n
2 +
β
2 +
λ
2 )in−1 (1 +
n
2 +
λ
2 )in (
1
2 +
n
2 +
γ
2 +
λ
2 )in
zin
 ηn
 (3.30)
where 
Γ
(I)
0 =
1
2(1+a) (α + β − δ + λ + a(δ + γ − 1 + λ))
Γ
(I)
k =
1
2(1+a) (α + β − δ + k + λ + a(δ + γ − 1 + k + λ))
Q = q4(1+a)
Substitute (3.29) into (3.30) where l = 1, 2, 3, · · · ; apply V1 into the second summation of sub-
power series y1(x), apply V2 into the third summation and V1 into the second summation of
sub-power series y2(x), apply V3 into the forth summation, V2 into the third summation and V1
into the second summation of sub-power series y3(x), etc.7
Theorem 6. The general representation in the form of integral of Heun equation for infinite
7y1(x) means the sub-power series in (3.30) contains one term of A′n s, y2(x) means the sub-power series in (3.30)
contains two terms of A′n s, y3(x) means the sub-power series in (3.30) contains three terms of A′n s, etc.
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series about x = 0 is given by
y(x) =
∞∑
n=0
yn(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0xλ
{ ∞∑
i0=0
(α2 +
λ
2 )i0 (
β
2 +
λ
2 )i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
zi0 +
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
1
2 (n−k−2+λ)
n−k
∫ 1
0
dun−k u
1
2 (n−k−3+γ+λ)
n−k
× 1
2pii
∮
dvn−k
1
vn−k
(
1 − 1
vn−k
)− 12 (n−k+α+λ) (
1 −←→w n−k+1,nvn−k(1 − tn−k)(1 − un−k)
)− 12 (n−k+β+λ)
×
(←→w − 12 (n−k−1+λ)n−k,n (←→w n−k,n∂←→w n−k,n)←→w 12 (n−k−1+λ)n−k,n (←→w n−k,n∂←→w n−k,n + Ω(I)n−k−1) + Q) }
×
∞∑
i0=0
(α2 +
λ
2 )i0 (
β
2 +
λ
2 )i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
←→w i01,n
}
ηn
}
(3.31)
where Ω(I)n−k−1 = 12(1+a) (α + β − δ + n − k − 1 + λ + a(δ + γ + n − k − 2 + λ))Q = q4(1+a)
Proof of Theorem . In (3.30) sub-power series y0(x), y1(x), y2(x) and y3(x) of Heun equation for
infinite series about x = 0 using 3TRF are given by
y0(x) = c0xλ
∞∑
i0=0
(α2 +
λ
2 )i0 (
β
2 +
λ
2 )i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
zi0 (3.32a)
y1(x) = c0xλ

∞∑
i0=0
(i0 + λ2 )
(
i0 + 12(1+a) (α + β − δ + λ + a(δ + γ − 1 + λ))
)
+
q
4(1+a)
(i0 + 12 +
λ
2 )(i0 +
γ
2 +
λ
2 )
(α2 +
λ
2 )i0 (
β
2 +
λ
2 )i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
×
∞∑
i1=i0
( 12 +
α
2 +
λ
2 )i1 (
1
2 +
β
2 +
λ
2 )i1 (
3
2 +
λ
2 )i0 (1 +
γ
2 +
λ
2 )i0
( 12 +
α
2 +
λ
2 )i0 (
1
2 +
β
2 +
λ
2 )i0 (
3
2 +
λ
2 )i1 (1 +
γ
2 +
λ
2 )i1
zi1
 η (3.32b)
y2(x) = c0xλ

∞∑
i0=0
(i0 + λ2 )
(
i0 + 12(1+a) (α + β − δ + λ + a(δ + γ − 1 + λ))
)
+
q
4(1+a)
(i0 + 12 +
λ
2 )(i0 +
γ
2 +
λ
2 )
(α2 +
λ
2 )i0 (
β
2 +
λ
2 )i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
×
∞∑
i1=i0
(i1 + 12 +
λ
2 )
(
i1 + 12(1+a) (α + β − δ + 1 + λ + a(δ + γ + λ))
)
+
q
4(1+a)
(i1 + 1 + λ2 )(i1 +
1
2 +
γ
2 +
λ
2 )
× (
1
2 +
α
2 +
λ
2 )i1 (
1
2 +
β
2 +
λ
2 )i1 (
3
2 +
λ
2 )i0 (1 +
γ
2 +
λ
2 )i0
( 12 +
α
2 +
λ
2 )i0 (
1
2 +
β
2 +
λ
2 )i0 (
3
2 +
λ
2 )i1 (1 +
γ
2 +
λ
2 )i1
×
∞∑
i2=i1
(1 + α2 +
λ
2 )i2 (1 +
β
2 +
λ
2 )i2 (2 +
λ
2 )i1 (
3
2 +
γ
2 +
λ
2 )i1
(1 + α2 +
λ
2 )i1 (1 +
β
2 +
λ
2 )i1 (2 +
λ
2 )i2 (
3
2 +
γ
2 +
λ
2 )i2
zi2
 η2 (3.32c)
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y3(x) = c0xλ

∞∑
i0=0
(i0 + λ2 )
(
i0 + 12(1+a) (α + β − δ + λ + a(δ + γ − 1 + λ))
)
+
q
4(1+a)
(i0 + 12 +
λ
2 )(i0 +
γ
2 +
λ
2 )
(α2 +
λ
2 )i0 (
β
2 +
λ
2 )i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
×
∞∑
i1=i0
(i1 + 12 +
λ
2 )
(
i1 + 12(1+a) (α + β − δ + 1 + λ + a(δ + γ + λ))
)
+
q
4(1+a)
(i1 + 1 + λ2 )(i1 +
1
2 +
γ
2 +
λ
2 )
× (
1
2 +
α
2 +
λ
2 )i1 (
1
2 +
β
2 +
λ
2 )i1 (
3
2 +
λ
2 )i0 (1 +
γ
2 +
λ
2 )i0
( 12 +
α
2 +
λ
2 )i0 (
1
2 +
β
2 +
λ
2 )i0 (
3
2 +
λ
2 )i1 (1 +
γ
2 +
λ
2 )i1
×
∞∑
i2=i1
(i2 + 1 + λ2 )
(
i2 + 12(1+a) (α + β − δ + 2 + λ + a(δ + γ + 1 + λ))
)
+
q
4(1+a)
(i2 + 32 +
λ
2 )(i2 + 1 +
γ
2 +
λ
2 )
× (1 +
α
2 +
λ
2 )i2 (1 +
β
2 +
λ
2 )i2 (2 +
λ
2 )i1 (
3
2 +
γ
2 +
λ
2 )i1
(1 + α2 +
λ
2 )i1 (1 +
β
2 +
λ
2 )i1 (2 +
λ
2 )i2 (
3
2 +
γ
2 +
λ
2 )i2
×
∞∑
i3=i2
( 32 +
α
2 +
λ
2 )i3 (
3
2 +
β
2 +
λ
2 )i3 (
5
2 +
λ
2 )i2 (2 +
γ
2 +
λ
2 )i2
( 32 +
α
2 +
λ
2 )i2 (
3
2 +
β
2 +
λ
2 )i2 (
5
2 +
λ
2 )i3 (2 +
γ
2 +
λ
2 )i3
zi3
 η3 (3.32d)
Put l = 1 in (3.29). Take the new (3.29) into (3.32b).
y1(x) = c0xλ
∫ 1
0
dt1 t
1
2 (−1+λ)
1
∫ 1
0
du1 u
1
2 (−2+γ+λ)
1
1
2pii
∮
dv1
1
v1
(
1 − 1
v1
)− 12 (α+1+λ)
(1 − zv1(1 − t1)(1 − u1))− 12 (β+1+λ)
×
 ∞∑
i0=0
((
i0 +
λ
2
) (
i0 +
1
2(1 + a)
(α + β − δ + λ + a(δ + γ − 1 + λ))
)
+
q
4(1 + a)
)
× (
α
2 +
λ
2 )i0 (
β
2 +
λ
2 )i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
(
t1u1v1
(v1 − 1)
z
1 − zv1(1 − t1)(1 − u1)
)i0 η
= c0xλ
∫ 1
0
dt1 t
1
2 (−1+λ)
1
∫ 1
0
du1 u
1
2 (−2+γ+λ)
1
1
2pii
∮
dv1
1
v1
(
1 − 1
v1
)− 12 (α+1+λ)
(1 − zv1(1 − t1)(1 − u1))− 12 (β+1+λ)
×
(
←→w − λ21,1
(←→w 1,1∂←→w 1,1)←→w λ21,1 (←→w 1,1∂←→w 1,1 + 12(1 + a) (α + β − δ + λ + a(δ + γ − 1 + λ))
)
+
q
4(1 + a)
)
×
 ∞∑
i0=0
(α2 +
λ
2 )i0 (
β
2 +
λ
2 )i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
←→w i01,1
 η (3.33)
where ←→w 1,1 = t1u1v1(v1 − 1)
z
1 − zv1(1 − t1)(1 − u1)
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Put l = 2 in (3.29). Take the new (3.29) into (3.32c).
y2(x) = c0xλ
∫ 1
0
dt2 t
λ
2
2
∫ 1
0
du2 u
1
2 (−1+γ+λ)
2
1
2pii
∮
dv2
1
v2
(
1 − 1
v2
)− 12 (α+2+λ)
(1 − zv2(1 − t2)(1 − u2))− 12 (β+2+λ)
×
(
←→w − 12 (1+λ)2,2
(←→w 2,2∂←→w 2,2)←→w 12 (1+λ)2,2 (←→w 2,2∂←→w 2,2 + 12(1 + a) (α + β − δ + 1 + λ + a(δ + γ + λ))
)
+
q
4(1 + a)
)
×

∞∑
i0=0
(i0 + λ2 )
(
i0 + 12(1+a) (α + β − δ + λ + a(δ + γ − 1 + λ))
)
+
q
4(1+a)
(i0 + 12 +
λ
2 )(i0 +
γ
2 +
λ
2 )
(α2 +
λ
2 )i0 (
β
2 +
λ
2 )i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
×
∞∑
i1=i0
( 12 +
α
2 +
λ
2 )i1 (
1
2 +
β
2 +
λ
2 )i1 (
3
2 +
λ
2 )i0 (1 +
γ
2 +
λ
2 )i0
( 12 +
α
2 +
λ
2 )i0 (
1
2 +
β
2 +
λ
2 )i0 (
3
2 +
λ
2 )i1 (1 +
γ
2 +
λ
2 )i1
←→w i12,2
 η2 (3.34)
where ←→w 2,2 = t2u2v2(v2 − 1)
z
1 − zv2(1 − t2)(1 − u2)
Put l = 1 and z =←→w 2,2 in (3.29). Take the new (3.29) into (3.34).
y2(x) = c0xλ
∫ 1
0
dt2 t
λ
2
2
∫ 1
0
du2 u
1
2 (−1+γ+λ)
2
1
2pii
∮
dv2
1
v2
(
1 − 1
v2
)− 12 (α+2+λ)
(1 − zv2(1 − t2)(1 − u2))− 12 (β+2+λ)
×
(
←→w − 12 (1+λ)2,2
(←→w 2,2∂←→w 2,2)←→w 12 (1+λ)2,2 (←→w 2,2∂←→w 2,2 + 12(1 + a) (α + β − δ + 1 + λ + a(δ + γ + λ))
)
+
q
4(1 + a)
)
×
∫ 1
0
dt1 t
1
2 (−1+λ)
1
∫ 1
0
du1 u
1
2 (−2+γ+λ)
1
1
2pii
∮
dv1
1
v1
(
1 − 1
v1
)− 12 (α+1+λ) (
1 −←→w 2,2v1(1 − t1)(1 − u1)
)− 12 (β+1+λ)
×
(
←→w − λ21,2
(←→w 1,2∂←→w 1,2)←→w λ21,2 (←→w 1,2∂←→w 1,2 + 12(1 + a) (α + β − δ + λ + a(δ + γ − 1 + λ))
)
+
q
4(1 + a)
)
×
 ∞∑
i0=0
(α2 +
λ
2 )i0 (
β
2 +
λ
2 )i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
←→w i01,2
 η2 (3.35)
where
←→w 1,2 = t1u1v1(v1 − 1)
←→w 2,2
1 −←→w 2,2v1(1 − t1)(1 − u1)
By using similar process for the previous cases of integral forms of y1(x) and y2(x), the integral
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form of sub-power series expansion of y3(x) is
y3(x) = c0xλ
∫ 1
0
dt3 t
1
2 (1+λ)
3
∫ 1
0
du3 u
1
2 (γ+λ)
3
1
2pii
∮
dv3
1
v3
(
1 − 1
v3
)− 12 (α+3+λ)
(1 − zv3(1 − t3)(1 − u3))− 12 (β+3+λ)
×
(←→w − 12 (2+λ)3,3 (←→w 3,3∂←→w 3,3)←→w 12 (2+λ)3,3 (←→w 3,3∂←→w 3,3
+
1
2(1 + a)
(α + β − δ + 2 + λ + a(δ + γ + 1 + λ))
)
+
q
4(1 + a)
)
×
∫ 1
0
dt2 t
λ
2
2
∫ 1
0
du2 u
1
2 (−1+γ+λ)
2
1
2pii
∮
dv2
1
v2
(
1 − 1
v2
)− 12 (α+2+λ) (
1 −←→w 3,3v2(1 − t2)(1 − u2)
)− 12 (β+2+λ)
×
(←→w − 12 (1+λ)2,3 (←→w 2,3∂←→w 2,3)←→w 12 (1+λ)2,3 (←→w 2,3∂←→w 2,3
+
1
2(1 + a)
(α + β − δ + 1 + λ + a(δ + γ + λ))
)
+
q
4(1 + a)
)
×
∫ 1
0
dt1 t
1
2 (−1+λ)
1
∫ 1
0
du1 u
1
2 (−2+γ+λ)
1
1
2pii
∮
dv1
1
v1
(
1 − 1
v1
)− 12 (α+1+λ) (
1 −←→w 2,3v1(1 − t1)(1 − u1)
)− 12 (β+1+λ)
×
(
←→w − λ21,3
(←→w 1,3∂←→w 1,3)←→w λ21,3 (←→w 1,3∂←→w 1,3 + 12(1 + a) (α + β − δ + λ + a(δ + γ − 1 + λ))
)
+
q
4(1 + a)
)
×
 ∞∑
i0=0
(α2 +
λ
2 )i0 (
β
2 +
λ
2 )i0
(1 + λ2 )i0 (
1
2 +
γ
2 +
λ
2 )i0
←→w i01,3
 η3 (3.36)
where 
←→w 3,3 = t3u3v3(v3−1) z1−zv3(1−t3)(1−u3)←→w 2,3 = t2u2v2(v2−1)
←→w 3,3
1−←→w 3,3v2(1−t2)(1−u2)←→w 1,3 = t1u1v1(v1−1)
←→w 2,3
1−←→w 2,3v1(1−t1)(1−u1)
By repeating this process for all higher terms of integral forms of sub-summation ym(x) terms
where m ≥ 4, we obtain every integral forms of ym(x) terms. Since we substitute (3.32a), (3.33),
(3.35), (3.36) and including all integral forms of ym(x) terms where m ≥ 4 into (3.30), we obtain
(3.31).8 
Put c0= 1 as λ=0 for the first kind of independent solutions of Heun equation and c0 =
(
a−1(1 + a)
)1−γ
as λ = 1 − γ for the second one in (3.31).
Remark 5. The integral representation of Heun equation of the first kind for infinite series about
8Or replace the finite summation with an interval [0, α0] by infinite summation with an interval [0,∞] in (3.8). Replace
α0, αn−k and αn−k−1 by − 12 (α + λ), − 12 (α + n − k + λ) and − 12 (α + n − k − 1 + λ) into the new (3.8). Its solution is also
equivalent to (3.31).
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x = 0 using 3TRF is
y(x) = HFα,β
(
η =
(1 + a)
a
x; z = −1
a
x2
)
= 2F1
(
α
2
,
β
2
;
1
2
+
γ
2
; z
)
+
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
1
2 (n−k−2)
n−k
∫ 1
0
dun−k u
1
2 (n−k−3+γ)
n−k
× 1
2pii
∮
dvn−k
1
vn−k
(
1 − 1
vn−k
)− 12 (n−k+α) (
1 −←→w n−k+1,nvn−k(1 − tn−k)(1 − un−k)
)− 12 (n−k+β)
×
(←→w − 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n)←→w 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n + Ω(I)n−k−1) + Q) }
×2F1
(
α
2
,
β
2
;
1
2
+
γ
2
;←→w 1,n
) }
ηn (3.37)
where Ω(I)n−k−1 = 12(1+a) (α + β − δ + n − k − 1 + a(δ + γ + n − k − 2))Q = q4(1+a)
Remark 6. The integral representation of Heun equation of the second kind for infinite series
about x = 0 using 3TRF is
y(x) = HS α,β
(
η =
(1 + a)
a
x; z = −1
a
x2
)
= z
1
2 (1−γ)
{
2F1
(
α
2
+
1
2
− γ
2
,
β
2
+
1
2
− γ
2
;
3
2
− γ
2
; z
)
+
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
1
2 (n−k−1−γ)
n−k
∫ 1
0
dun−k u
1
2 (n−k−2)
n−k
× 1
2pii
∮
dvn−k
1
vn−k
(
1 − 1
vn−k
)− 12 (n−k+1+α−γ) (
1 −←→w n−k+1,nvn−k(1 − tn−k)(1 − un−k)
)− 12 (n−k+1+β−γ)
×
(←→w − 12 (n−k−γ)n−k,n (←→w n−k,n∂←→w n−k,n)←→w 12 (n−k−γ)n−k,n (←→w n−k,n∂←→w n−k,n + Ω(I)n−k−1) + Q) }
×2F1
(
α
2
+
1
2
− γ
2
,
β
2
+
1
2
− γ
2
;
3
2
− γ
2
;←→w 1,n
) }
ηn
}
(3.38)
where Ω(I)n−k−1 = 12(1+a) (α + β − δ − γ + n − k + a(δ + n − k − 1))Q = q4(1+a)
4. Summary
In my previous paper I show the power series expansion in closed forms of Heun function
(infinite series and polynomial) including all higher terms of An’s. In this paper I derived the
integral representation of Heun function and its asymptotic behaviors including all higher terms
of An’s by applying three term recurrence formula.[9]
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As we see the power series expansions of Heun function for all cases of infinite series and
polynomial, denominators and numerators in all Bn terms arise with Pochhammer symbol: the
meaning of this is that the analytic solutions of Heun function can be described as hypergoemetric
functions in a strict mathematical way. We can express representations in closed form integrals
in an easy way since we have power series expansions with Pochhammer symbols in numerators
and denominators. We can transform Heun function into all other well-known special functions
with two recursive coefficients because a 2F1 function recurs in each of sub-integral forms of
Heun function.
Since we get the integral forms of power series expansions in Heun function, we are able to
obtain generating functions of it. The generating functions are really helpful in order to derive
orthogonal relations, recursion relations and expectation values of physical quantities.
5. Conclusion
There are four kinds of confluent forms of Heun equation [41, 39, 32, 50, 7] such as the
Confluent Heun [6, 29, 35], Doubly-Confluent Heun [20], Biconfluent Heun [8] and Triconfluent
Heun equations [26]. We can derive these four confluent forms from Heun equation by com-
bining two or more regular singularities to each other to take form an irregular singularity. Its
process, converting Heun equation to other confluent forms, is similar to deriving of confluent
hypergeometric equation from the hypergeometric equation.
We can obtain the analytic solutions of these four confluent forms of Heun function by re-
placing independent variable x and changing coefficients. Or we are able to have power series
expansion, integral forms and generation functions of these four second ordinary differential
equations by using three term recurrence formula directly.[9]: in my future paper I will construct
the power series expansion, its integral forms and generating functions of these four confluent
forms of Heun equations.
We can apply an integral formalism and power series expansion of Heun functions in many
modern physical areas. For example, the Heun functions appear in the solution of Schro¨dinger
equation to the quadratic potentials with inverse even powers of two, four and six.[24] The solu-
tion of the Schro¨dinger equation to symmetric double Morse potential also need these function.[25]
Also, in “The stark effect from the point of view of Schro¨dinger quantum theory[21], the author
considers the Schro¨dinger equation for the hydrogen atom in a constant electric field of magni-
tude E in the z direction. The Schro¨dinger equation results into two separated equations by using
parabolic coordinates (see (7), (10) in Ref.[21]). These two equations are of the Biconfluent
Heun form. Biconfluent Heun equation can be obtained from Heun equation by replacing inde-
pendent variables and changing coefficients. And as we put the new variables and coefficients
into integral forms of Heun function on the above for the case of polynomials and infinite series,
we might be possible to construct power series expansions and integral forms in closed forms
of Biconfluent Heun function. After then, it might be possible to obtain specific eigenvalues for
the entire region of r by using the power series expansion of Biconfluent Heun equation. Using
the integral forms of Biconfluent Heun equation, it might be possible to construct the normalized
wave functions and expectation values of any physical quantity as we want.
In “The ionized hydrogen molecule[48], the author consider the hydrogen-molecule ion or
dihydrogen cation H+2 in the Born-Oppenheimer approximation. He obtains two individually
Confluent Heun equations using the prolate spheroidal coordinates (see (1), (2) in Ref.[48]). By
replacing independent variables and coefficients in Heun equation, we can construct Confluent
Heun equation. We might be possible to build power series expansions and integral forms in
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closed forms of Confluent Heun function putting the new variables and coefficients into integral
forms of Heun function on the above for the case of polynomials and infinite series. In gen-
eral, most of wave-functions in physics are quantized with specific eigenvalues. So all solutions
on the above examples might be quantized with certain eigenvalues. It means that its analytic
wave-functions have polynomial expansions. And there are infinite numbers of eigenvalues sur-
prisingly because of its three term recurrence form[9]. Also, we can transform representations
in the form of integrals in Heun function to other well-known special functions analytically. Be-
cause as we see integral forms of Heun function, these functions include 2F1 Hypergeometric
function in itself on (3.14), (3.15), (3.24), (3.25), (3.37), (3.38).
Series “Special functions and three term recurrence formula (3TRF)”
This paper is 4th out of 10.
1. “Approximative solution of the spin free Hamiltonian involving only scalar potential for
the q − q¯ system” [8]–in order to solve the spin-free Hamiltonian with light quark masses we are
led to develop a totally new kind of special function theory in mathematics that generalize all
existing theories of confluent hypergeometric types. We call it the Grand Confluent Hypergeo-
metric Function. Our new solution produces previously unknown extra hidden quantum numbers
relevant for the description of supersymmetry and for generating new mass formulas.
2. “Generalization of the three-term recurrence formula and its applications” [9]–generalize
the three term recurrence formula in the linear differential equation. Obtain the exact solution of
the three term recurrence for polynomials and infinite series.
3. “The analytic solution for the power series expansion of Heun function” [10]–apply the
three term recurrence formula to the power series expansion in closed forms of Heun function
(infinite series and polynomials) including all higher terms of Ans.
4. “Asymptotic behavior of Heun function and its integral formalism” [11]–apply the three
term recurrence formula, derive the integral formalism, and analyze the asymptotic behavior of
Heun function (including all higher terms of Ans).
5. “The power series expansion of Mathieu function and its integral formalism” [12]–apply
the three term recurrence formula, and analyze the power series expansion of Mathieu function
and its integral forms.
6. “Lame equation in the algebraic form” [13]–apply the three term recurrence formula, and
analyze the power series expansion of Lame function in the algebraic form and its integral forms.
7. “Power series and integral forms of Lame equation in Weierstrass’s form” [14]–apply
the three term recurrence formula, and derive the power series expansion of Lame function in
Weierstrass’s form and its integral forms.
8. “The generating functions of Lame equation in Weierstrass’s form” [15]–derive the gen-
erating functions of Lame function in Weierstrass’s form (including all higher terms of An’s).
Apply integral forms of Lame functions in Weierstrass’s form.
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9. “Analytic solution for grand confluent hypergeometric function” [16]–apply the three term
recurrence formula, and formulate the exact analytic solution of grand confluent hypergeometric
function (including all higher terms of An’s). Replacing µ and εω by 1 and −q transforms the
grand confluent hypergeometric function into the Biconfluent Heun function.
10. “The integral formalism and the generating function of grand confluent hypergeometric
function” [17]–apply the three term recurrence formula, and construct an integral formalism and
a generating function of grand confluent hypergeometric function (including all higher terms of
An’s).
Appendix A. Power series expansion of 192 Heun functions
In this paper the fundamental power series expansion and its integral forms of Heun function
about x = 0 is constructed analytically. The singularity parameter a , 0 decides various ranges
of an independent variable x according to asymptotic behaviors of a Heun function.
A machine-generated list of 192 (isomorphic to the Coxeter group of the Coxeter diagram
D4) local solutions of the Heun equation was obtained by Robert S. Maier(2007) [34]. We can
obtain power series expansion in closed form, asymptotic behaviors and its integral forms of all
192 local solutions of the Heun equation analytically by using three term recurrence formula [9].
We derive the analytic solutions of nine out of the 192 local solution of Heun function in Table 2
[34].
Appendix A.1. (1 − x)1−δHl(a, q − (δ − 1)γa;α − δ + 1, β − δ + 1, γ, 2 − δ; x)
Appendix A.1.1. Polynomial which makes Bn term terminated
(1) The case of α = −2αi − i + δ − 1 and β , −2βi − i + δ − 1 where i, αi, βi = 0, 1, 2, · · · .
Replace coefficients q, α, β, δ, c0 and λ by q − (δ − 1)γa, α − δ + 1, β − δ + 1, 2 − δ, 1 and
zero into (3.7). Multiply (1 − x)1−δ and the new (3.7) together.
(1 − x)1−δy(x)
= (1 − x)1−δHl (a, q − (δ − 1)γa;α − δ + 1, β − δ + 1, γ, 2 − δ; x)
= (1 − x)1−δ
 α0∑
i0=0
(−α0)i0 ( β+1−δ2 )i0
(1)i0 (
1
2 +
γ
2 )i0
zi0
+

α0∑
i0=0
i0
(
i0 + Γ
(S )
0
)
+ Q
(i0 + 12 )(i0 +
γ
2 )
(−α0)i0 ( β+1−δ2 )i0
(1)i0 (
1
2 +
γ
2 )i0
α1∑
i1=i0
(−α1)i1 (1 + β−δ2 )i1 ( 32 )i0 (1 + γ2 )i0
(−α1)i0 (1 + β−δ2 )i0 ( 32 )i1 (1 + γ2 )i1
zi1
 η
+
∞∑
n=2

α0∑
i0=0
i0
(
i0 + Γ
(S )
0
)
+ Q
(i0 + 12 )(i0 +
γ
2 )
(−α0)i0 ( β+1−δ2 )i0
(1)i0 (
1
2 +
γ
2 )i0
×
n−1∏
k=1

αk∑
ik=ik−1
(ik + k2 )
(
ik + Γ
(S )
k
)
+ Q
(ik + k2 +
1
2 )(ik +
k
2 +
γ
2 )
(−αk)ik ( k2 + β+1−δ2 )ik (1 + k2 )ik−1 ( 12 + k2 + γ2 )ik−1
(−αk)ik−1 ( k2 + β+1−δ2 )ik−1 (1 + k2 )ik ( 12 + k2 + γ2 )ik

×
αn∑
in=in−1
(−αn)in ( n2 + β+1−δ2 )in (1 + n2 )in−1 ( 12 + n2 + γ2 )in−1
(−αn)in−1 ( n2 + β+1−δ2 )in−1 (1 + n2 )in ( 12 + n2 + γ2 )in
zin
 ηn
 (A.1)
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where 
z = − 1a x2
η = (1+a)a x
αi ≤ α j only if i ≤ j where i, j = 0, 1, 2, · · ·
and 
Γ
(S )
0 =
1
2(1+a) (−2α0 + β − 1 + a(−δ + γ + 1))
Γ
(S )
k =
1
2(1+a) (−2αk + β − 1 + a(−δ + γ + k + 1))
Q = q−(δ−1)γa4(1+a)
For the minimum value of Heun equation for a polynomial which makes Bn term terminated
about x = 0, put α0 = α1 = α2 = · · · = 0 in (A.1).
(1 − x)1−δy(x)
= (1 − x)1−δHl (a, q − (δ − 1)γa;α − δ + 1, β − δ + 1, γ, 2 − δ; x)
= (1 − x)1−δ 2F1

Λ1 −
√
Λ21 − 4aΩ1
2a
,
Λ1 +
√
Λ21 − 4aΩ1
2a
; γ; x

where Λ1 = β − 1 + a(γ − δ + 1) and Ω1 = q + aγ(1 − δ). It tells us that Heun polynomials in
which makes Bn term terminated, for fixed values of α, require |x| < 1 for the convergence of the
radius.
(2) The case of α = −2αi − i + δ − 1 and β = −2βi − i + δ − 1 only if αi ≤ βi.
Put β = −2βi − i + δ − 1 in (A.1).
(1 − x)1−δy(x)
= (1 − x)1−δHl (a, q − (δ − 1)γa;α − δ + 1, β − δ + 1, γ, 2 − δ; x)
= (1 − x)1−δ
 α0∑
i0=0
(−α0)i0 (−β0)i0
(1)i0 (
1
2 +
γ
2 )i0
zi0
+

α0∑
i0=0
i0
(
i0 + Γ
(B)
0
)
+ Q
(i0 + 12 )(i0 +
γ
2 )
(−α0)i0 (−β0)i0
(1)i0 (
1
2 +
γ
2 )i0
α1∑
i1=i0
(−α1)i1 (−β1)i1 ( 32 )i0 (1 + γ2 )i0
(−α1)i0 (−β1)i0 ( 32 )i1 (1 + γ2 )i1
zi1
 η
+
∞∑
n=2

α0∑
i0=0
i0
(
i0 + Γ
(B)
0
)
+ Q
(i0 + 12 )(i0 +
γ
2 )
(−α0)i0 (−β0)i0
(1)i0 (
1
2 +
γ
2 )i0
×
n−1∏
k=1

αk∑
ik=ik−1
(ik + k2 )
(
ik + Γ
(B)
k
)
+ Q
(ik + k2 +
1
2 )(ik +
k
2 +
γ
2 )
(−αk)ik (−βk)ik (1 + k2 )ik−1 ( 12 + k2 + γ2 )ik−1
(−αk)ik−1 (−βk)ik−1 (1 + k2 )ik ( 12 + k2 + γ2 )ik

×
αn∑
in=in−1
(−αn)in (−βn)in (1 + n2 )in−1 ( 12 + n2 + γ2 )in−1
(−αn)in−1 (−βn)in−1 (1 + n2 )in ( 12 + n2 + γ2 )in
zin
 ηn
 (A.2)
where 
Γ
(B)
0 =
1
2(1+a) (−2α0 + −2β0 − 2 + δ + a(−δ + γ + 1))
Γ
(B)
k =
1
2(1+a) (−2αk + −2βk − k − 2 + δ + a(−δ + γ + k + 1))
Q = q−(δ−1)γa4(1+a)
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For the minimum value of Heun equation for a polynomial which makes Bn term terminated
about x = 0, put α0 = α1 = α2 = · · · = 0 and β0 = β1 = β2 = · · · = 0 in (A.2).
(1 − x)1−δy(x)
= (1 − x)1−δHl (a, q − (δ − 1)γa;α − δ + 1, β − δ + 1, γ, 2 − δ; x)
= (1 − x)1−δ 2F1

Λ2 −
√
Λ22 − 4(a − 1)Ω2
2(a − 1) ,
Λ2 +
√
Λ22 − 4(a − 1)Ω2
2(a − 1) ; γ;
a − 1
a
x
(A.3)
where Λ2 = δ−2+a(γ−δ+1) and Ω2 = q+aγ(1−δ). It tells us that Heun polynomials in which
makes Bn term terminated, for fixed values of α and β, require
∣∣∣ a−1a x∣∣∣ < 1 for the convergence of
the radius.
For the special case, if x = aa−1 and Re
(
γ+δ−2+a(1−δ)
1−a
)
> 0 in (A.3),
(1 − a)δ−1y
( a
a − 1
)
= (1 − a)δ−1Hl
(
a, q − (δ − 1)γa;α − δ + 1, β − δ + 1, γ, 2 − δ; x = a
a − 1
)
= (1 − a)δ−1
Γ (γ) Γ
(
γ − Λ2a−1
)
Γ
(
γ − Λ2−
√
Λ22−4(a−1)Ω2
2(a−1)
)
Γ
(
γ − Λ2+
√
Λ22−4(a−1)Ω2
2(a−1)
)
Appendix A.1.2. Infinite series
Replace coefficients q, α, β, δ, c0 and λ by q − (δ − 1)γa, α − δ + 1, β − δ + 1, 2 − δ, 1 and
zero into (3.30). Multiply (1 − x)1−δ and the new (3.30) together.
(1 − x)1−δy(x)
= (1 − x)1−δHl (a, q − (δ − 1)γa;α − δ + 1, β − δ + 1, γ, 2 − δ; x)
= (1 − x)1−δ
 ∞∑
i0=0
(α+1−δ2 )i0 (
β+1−δ
2 )i0
(1)i0 (
1
2 +
γ
2 )i0
zi0
+

∞∑
i0=0
i0
(
i0 + Γ
(I)
0
)
+ Q
(i0 + 12 )(i0 +
γ
2 )
(α+1−δ2 )i0 (
β+1−δ
2 )i0
(1)i0 (
1
2 +
γ
2 )i0
∞∑
i1=i0
(1 + α−δ2 )i1 (1 +
β−δ
2 )i1 (
3
2 )i0 (1 +
γ
2 )i0
(1 + α−δ2 )i0 (1 +
β−δ
2 )i0 (
3
2 )i1 (1 +
γ
2 )i1
zi1
 η
+
∞∑
n=2

∞∑
i0=0
i0
(
i0 + Γ
(I)
0
)
+ Q
(i0 + 12 )(i0 +
γ
2 )
(α+1−δ2 )i0 (
β+1−δ
2 )i0
(1)i0 (
1
2 +
γ
2 )i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik + k2 )
(
ik + Γ
(I)
k
)
+ Q
(ik + k2 +
1
2 )(ik +
k
2 +
γ
2 )
( k2 +
α+1−δ
2 )ik (
k
2 +
β+1−δ
2 )ik (1 +
k
2 )ik−1 (
1
2 +
k
2 +
γ
2 )ik−1
( k2 +
α+1−δ
2 )ik−1 (
k
2 +
β+1−δ
2 )ik−1 (1 +
k
2 )ik (
1
2 +
k
2 +
γ
2 )ik

×
∞∑
in=in−1
( n2 +
α+1−δ
2 )in (
n
2 +
β+1−δ
2 )in (1 +
n
2 )in−1 (
1
2 +
n
2 +
γ
2 )in−1
( n2 +
α+1−δ
2 )in−1 (
n
2 +
β+1−δ
2 )in−1 (1 +
n
2 )in (
1
2 +
n
2 +
γ
2 )in
zin
 ηn
 (A.4)
where 
Γ
(I)
0 =
1
2(1+a) (α + β − δ + a(−δ + γ + 1))
Γ
(I)
k =
1
2(1+a) (α + β − δ + k + a(−δ + γ + 1 + k))
Q = q−(δ−1)γa4(1+a)
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Appendix A.2. x1−γ(1 − x)1−δHl(a, q − (γ + δ − 2)a − (γ − 1)(α + β − γ − δ + 1);α − γ − δ + 2
, β − γ − δ + 2, 2 − γ, 2 − δ; x)
Appendix A.2.1. Polynomial which makes Bn term terminated
(1) The case of α = −2αi − i − 2 + γ + δ and β , −2βi − i − 2 + γ + δ where i, αi, βi = 0, 1, 2, · · · .
Replace coefficients q, α, β, γ, δ, c0 and λ by q − (γ + δ − 2)a − (γ − 1)(α + β − γ − δ + 1),
α− γ− δ+ 2, β− γ− δ+ 2, 2− γ, 2− δ,1 and zero into (3.7). Multiply x1−γ(1− x)1−δ and the new
(3.7) together.
x1−γ(1 − x)1−δy(x)
= x1−γ(1 − x)1−δHl(a, q − (γ + δ − 2)a − (γ − 1)(α + β − γ − δ + 1);α − γ − δ + 2
, β − γ − δ + 2, 2 − γ, 2 − δ; x)
= x1−γ(1 − x)1−δ
 α0∑
i0=0
(−α0)i0 ( β−γ−δ+22 )i0
(1)i0 (
3−γ
2 )i0
zi0
+

α0∑
i0=0
i0
(
i0 + Γ
(S )
0
)
+ Q(S )0
(i0 + 12 )(i0 +
2−γ
2 )
(−α0)i0 ( β−γ−δ+22 )i0
(1)i0 (
3−γ
2 )i0
α1∑
i1=i0
(−α1)i1 ( β−γ−δ+32 )i1 ( 32 )i0 ( 4−γ2 )i0
(−α1)i0 ( β−γ−δ+32 )i0 ( 32 )i1 ( 4−γ2 )i1
zi1
 η
+
∞∑
n=2

α0∑
i0=0
i0
(
i0 + Γ
(S )
0
)
+ Q(S )0
(i0 + 12 )(i0 +
2−γ
2 )
(−α0)i0 ( β−γ−δ+22 )i0
(1)i0 (
3−γ
2 )i0
×
n−1∏
k=1

αk∑
ik=ik−1
(ik + k2 )
(
ik + Γ
(S )
k
)
+ Q(S )k
(ik + k2 +
1
2 )(ik +
k+2−γ
2 )
(−αk)ik ( k+2+β−γ−δ2 )ik (1 + k2 )ik−1 ( k+3−γ2 )ik−1
(−αk)ik−1 ( k+2+β−γ−δ2 )ik−1 (1 + k2 )ik ( k+3−γ2 )ik

×
αn∑
in=in−1
(−αn)in ( n+2+β−γ−δ2 )in (1 + n2 )in−1 ( n+3−γ2 )in−1
(−αn)in−1 ( n+2+β−γ−δ2 )in−1 (1 + n2 )in ( n+3−γ2 )in
zin
 ηn
 (A.5)
where 
z = − 1a x2
η = (1+a)a x
αi ≤ α j only if i ≤ j where i, j = 0, 1, 2, · · ·
and 
Γ
(S )
0 =
1
2(1+a) (−2α0 + β − γ + a(3 − γ − δ))
Γ
(S )
k =
1
2(1+a) (−2αk + β − γ + a(k + 3 − γ − δ))
Q(S )0 =
q−(γ+δ−2)a−(γ−1)(−2α0−1+β)
4(1+a)
Q(S )k =
q−(γ+δ−2)a−(γ−1)(−2αk−k−1+β)
4(1+a)
For the minimum value of Heun equation for a polynomial which makes Bn term terminated
about x = 0, put α0 = α1 = α2 = · · · = 0 in (A.5).
x1−γ(1 − x)1−δy(x)
= x1−γ(1 − x)1−δHl(a, q − (γ + δ − 2)a − (γ − 1)(α + β − γ − δ + 1);α − γ − δ + 2
, β − γ − δ + 2, 2 − γ, 2 − δ; x)
= x1−γ(1 − x)1−δ 2F1

Λ3 −
√
Λ23 − 4aΩ3
2a
,
Λ3 +
√
Λ23 − 4aΩ3
2a
; 2 − γ; x

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where Λ3 = β − 1 − a(γ + δ − 3) and Ω3 = q − (β − 1)(γ − 1) − a(γ + δ − 2). It tells us that
Heun polynomials in which makes Bn term terminated, for fixed values of α, require |x| < 1 for
the convergence of the radius.
(2) The case of α = −2αi − i − 2 + γ + δ and β = −2βi − i − 2 + γ + δ only if αi ≤ βi.
Put β = −2βi − i − 2 + γ + δ where i = 0, 1, 2, · · · in (A.5).
x1−γ(1 − x)1−δy(x)
= x1−γ(1 − x)1−δHl(a, q − (γ + δ − 2)a − (γ − 1)(α + β − γ − δ + 1);α − γ − δ + 2
, β − γ − δ + 2, 2 − γ, 2 − δ; x)
= x1−γ(1 − x)1−δ
 α0∑
i0=0
(−α0)i0 (−β0)i0
(1)i0 (
3−γ
2 )i0
zi0
+

α0∑
i0=0
i0
(
i0 + Γ
(B)
0
)
+ Q(B)0
(i0 + 12 )(i0 +
2−γ
2 )
(−α0)i0 (−β0)i0
(1)i0 (
3−γ
2 )i0
α1∑
i1=i0
(−α1)i1 (−β1)i1 ( 32 )i0 ( 4−γ2 )i0
(−α1)i0 (−β1)i0 ( 32 )i1 ( 4−γ2 )i1
zi1 }η
+
∞∑
n=2

α0∑
i0=0
i0
(
i0 + Γ
(B)
0
)
+ Q(B)0
(i0 + 12 )(i0 +
2−γ
2 )
(−α0)i0 (−β0)i0
(1)i0 (
3−γ
2 )i0
×
n−1∏
k=1

αk∑
ik=ik−1
(ik + k2 )
(
ik + Γ
(B)
k
)
+ Q(B)k
(ik + k2 +
1
2 )(ik +
k+2−γ
2 )
(−αk)ik (−βk)ik (1 + k2 )ik−1 ( k+3−γ2 )ik−1
(−αk)ik−1 (−βk)ik−1 (1 + k2 )ik ( k+3−γ2 )ik

×
αn∑
in=in−1
(−αn)in (−βn)in (1 + n2 )in−1 ( n+3−γ2 )in−1
(−αn)in−1 (−βn)in−1 (1 + n2 )in ( n+3−γ2 )in
zin
 ηn
 (A.6)
where 
Γ
(B)
0 =
1
2(1+a) (−2α0 − 2β0 − 2 + δ + a(3 − γ − δ))
Γ
(B)
k =
1
2(1+a) (−2αk − 2βk − k − 2 + δ + a(k + 3 − γ − δ))
Q(B)0 =
q−(γ+δ−2)a−(γ−1)(−2α0−2β0−3+γ+δ)
4(1+a)
Q(B)k =
q−(γ+δ−2)a−(γ−1)(−2αk−2βk−2k−3+γ+δ)
4(1+a)
For the minimum value of Heun equation for a polynomial which makes Bn term terminated
about x = 0, put α0 = α1 = α2 = · · · = 0 and β0 = β1 = β2 = · · · = 0 in (A.6).
x1−γ(1 − x)1−δy(x)
= x1−γ(1 − x)1−δHl(a, q − (γ + δ − 2)a − (γ − 1)(α + β − γ − δ + 1);α − γ − δ + 2
, β − γ − δ + 2, 2 − γ, 2 − δ; x)
= x1−γ(1 − x)1−δ 2F1

Λ4 −
√
Λ24 − 4(a − 1)Ω4
2(a − 1) ,
Λ4 +
√
Λ24 − 4(a − 1)Ω4
2(a − 1) ; 2 − γ;
a − 1
a
x
 (A.7)
where Λ4 = 2(γ − 2) + δ − a(γ + δ − 3) and Ω4 = q − (γ − 1)(γ + δ − 3) − a(γ + δ − 2). It tells us
that Heun polynomials in which makes Bn term terminated, for fixed values of α and β, require∣∣∣ a−1a x∣∣∣ < 1 for the convergence of the radius.
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For the special case, if x = aa−1 and Re
(
γ+δ−2+a(1−δ)
1−a
)
> 0 in (A.7),
( a
a − 1
)1−γ ( 1
1 − a
)1−δ
y
( a
a − 1
)
=
( a
a − 1
)1−γ ( 1
1 − a
)1−δ
Hl(a, q − (γ + δ − 2)a − (γ − 1)(α + β − γ − δ + 1);α − γ − δ + 2
, β − γ − δ + 2, 2 − γ, 2 − δ; a/(a − 1))
=
( a
a − 1
)1−γ ( 1
1 − a
)1−δ Γ (2 − γ) Γ (2 − γ − Λ4a−1 )
Γ
(
2 − γ − Λ4−
√
Λ24−4(a−1)Ω4
2(a−1)
)
Γ
(
2 − γ − Λ4+
√
Λ24−4(a−1)Ω4
2(a−1)
)
Appendix A.2.2. Infinite series
Replace coefficients q, α, β, γ, δ, c0 and λ by q − (γ + δ − 2)a − (γ − 1)(α + β − γ − δ + 1),
α − γ − δ + 2, β − γ − δ + 2, 2 − γ, 2 − δ,1 and zero into (3.30). Multiply x1−γ(1 − x)1−δ and the
new (3.30) together.
x1−γ(1 − x)1−δy(x)
= x1−γ(1 − x)1−δHl(a, q − (γ + δ − 2)a − (γ − 1)(α + β − γ − δ + 1);α − γ − δ + 2
, β − γ − δ + 2, 2 − γ, 2 − δ; x)
= x1−γ(1 − x)1−δ
 ∞∑
i0=0
(α−γ−δ+22 )i0 (
β−γ−δ+2
2 )i0
(1)i0 (
3−γ
2 )i0
zi0
+

∞∑
i0=0
i0
(
i0 + Γ
(I)
0
)
+ Q
(i0 + 12 )(i0 +
2−γ
2 )
(α−γ−δ+22 )i0 (
β−γ−δ+2
2 )i0
(1)i0 (
3−γ
2 )i0
∞∑
i1=i0
(α−γ−δ+32 )i1 (
β−γ−δ+3
2 )i1 (
3
2 )i0 (
4−γ
2 )i0
(α−γ−δ+32 )i0 (
β−γ−δ+3
2 )i0 (
3
2 )i1 (
4−γ
2 )i1
zi1
 η
+
∞∑
n=2

∞∑
i0=0
i0
(
i0 + Γ
(I)
0
)
+ Q
(i0 + 12 )(i0 +
2−γ
2 )
(α−γ−δ+22 )i0 (
β−γ−δ+2
2 )i0
(1)i0 (
3−γ
2 )i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik + k2 )
(
ik + Γ
(I)
k
)
+ Q
(ik + k2 +
1
2 )(ik +
k+2−γ
2 )
( k+2+α−γ−δ2 )ik (
k+2+β−γ−δ
2 )ik (1 +
k
2 )ik−1 (
k+3−γ
2 )ik−1
( k+2+α−γ−δ2 )ik−1 (
k+2+β−γ−δ
2 )ik−1 (1 +
k
2 )ik (
k+3−γ
2 )ik

×
∞∑
in=in−1
( n+2+α−γ−δ2 )in (
n+2+β−γ−δ
2 )in (1 +
n
2 )in−1 (
n+3−γ
2 )in−1
( n+2+α−γ−δ2 )in−1 (
n+2+β−γ−δ
2 )in−1 (1 +
n
2 )in (
n+3−γ
2 )in
zin
 ηn
 (A.8)
where 
Γ
(I)
0 =
1
2(1+a) (α + β − 2γ − δ + 2 + a(3 − γ − δ))
Γ
(I)
k =
1
2(1+a) (α + β − 2γ − δ + 2 + k + a(k + 3 − γ − δ))
Q = q−(γ+δ−2)a−(γ−1)(α+β−γ−δ+1)4(1+a)
Appendix A.3. Hl(1 − a,−q + αβ;α, β, δ, γ; 1 − x)
Appendix A.3.1. Polynomial which makes Bn term terminated
(1) The case of α = −2αi − i and β , −2βi − i where i, αi, βi = 0, 1, 2, · · · .
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Replace coefficients a, q, γ, δ, x, c0 and λ by 1− a, −q +αβ, δ, γ, 1− x, 1 and zero into (3.7).
y(ξ) = Hl(1 − a,−q + αβ;α, β, δ, γ; 1 − x)
=
α0∑
i0=0
(−α0)i0 ( β2 )i0
(1)i0 (
1
2 +
δ
2 )i0
zi0
+

α0∑
i0=0
i0
(
i0 + Γ
(S )
0
)
+ Q(S )0
(i0 + 12 )(i0 +
δ
2 )
(−α0)i0 ( β2 )i0
(1)i0 (
1
2 +
δ
2 )i0
α1∑
i1=i0
(−α1)i1 ( 12 + β2 )i1 ( 32 )i0 (1 + δ2 )i0
(−α1)i0 ( 12 + β2 )i0 ( 32 )i1 (1 + δ2 )i1
zi1
 η
+
∞∑
n=2

α0∑
i0=0
i0
(
i0 + Γ
(S )
0
)
+ Q(S )0
(i0 + 12 )(i0 +
δ
2 )
(−α0)i0 ( β2 )i0
(1)i0 (
1
2 +
δ
2 )i0
×
n−1∏
k=1

αk∑
ik=ik−1
(ik + k2 )
(
ik + Γ
(S )
k
)
+ Q(S )k
(ik + k2 +
1
2 )(ik +
k
2 +
δ
2 )
(−αk)ik ( k2 + β2 )ik (1 + k2 )ik−1 ( 12 + k2 + δ2 )ik−1
(−αk)ik−1 ( k2 + β2 )ik−1 (1 + k2 )ik ( 12 + k2 + δ2 )ik

×
αn∑
in=in−1
(−αn)in ( n2 + β2 )in (1 + n2 )in−1 ( 12 + n2 + δ2 )in−1
(−αn)in−1 ( n2 + β2 )in−1 (1 + n2 )in ( 12 + n2 + δ2 )in
zin
 ηn (A.9)
where 
ξ = 1 − x
z = −11−aξ
2
η = 2−a1−aξ
αi ≤ α j only if i ≤ j where i, j = 0, 1, 2, · · ·
and 
Γ
(S )
0 =
1
2(2−a) (−2α0 + β − γ + (1 − a)(δ + γ − 1))
Γ
(S )
k =
1
2(2−a) (−2αk + β − γ + (1 − a)(δ + γ + k − 1))
Q(S )0 =
−q−2α0β
4(2−a)
Q(S )k =
−q−(2αk+k)β
4(2−a)
For the minimum value of Heun equation for a polynomial which makes Bn term terminated
about ξ = 0, put α0 = α1 = α2 = · · · = 0 in (A.9).
y(ξ) = Hl(1 − a,−q + αβ;α, β, δ, γ; 1 − x)
= 2F1

−Λ5 −
√
Λ25 − 4(a − 1)q
2(a − 1) ,
−Λ5 +
√
Λ25 − 4(a − 1)q
2(a − 1) ; δ; ξ
 (A.10)
where Λ5 = δ − 1 − a(γ + δ − 1). It tells us that Heun polynomials in which makes Bn term
terminated, for fixed values of α, require |ξ| < 1 for the convergence of the radius.
For the special case, if ξ = 1 and Re
(
1+a(γ−1)
1−a
)
> 0 in (A.10),
y(1) = Hl(1 − a,−q + αβ;α, β, δ, γ; 1)
=
Γ (δ) Γ
(
1+a(γ−1)
1−a
)
Γ
(
δ +
Λ5−
√
Λ25−4(a−1)q
2(a−1)
)
Γ
(
δ +
Λ5+
√
Λ25−4(a−1)q
2(a−1)
)
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(2) The case of α = −2αi − i and β = −2βi − i only if αi ≤ βi.
Put β = −2βi − i where i = 0, 1, 2, · · · in (A.9).
y(ξ) = Hl(1 − a,−q + αβ;α, β, δ, γ; 1 − x)
=
α0∑
i0=0
(−α0)i0 (−β0)i0
(1)i0 (
1
2 +
δ
2 )i0
zi0
+

α0∑
i0=0
i0
(
i0 + Γ
(B)
0
)
+ Q(B)0
(i0 + 12 )(i0 +
δ
2 )
(−α0)i0 (−β0)i0
(1)i0 (
1
2 +
δ
2 )i0
α1∑
i1=i0
(−α1)i1 (−β1)i1 ( 32 )i0 (1 + δ2 )i0
(−α1)i0 (−β1)i0 ( 32 )i1 (1 + δ2 )i1
zi1
 η
+
∞∑
n=2

α0∑
i0=0
i0
(
i0 + Γ
(B)
0
)
+ Q(B)0
(i0 + 12 )(i0 +
δ
2 )
(−α0)i0 (−β0)i0
(1)i0 (
1
2 +
δ
2 )i0
×
n−1∏
k=1

αk∑
ik=ik−1
(ik + k2 )
(
ik + Γ
(B)
k
)
+ Q(B)k
(ik + k2 +
1
2 )(ik +
k
2 +
δ
2 )
(−αk)ik (−βk)ik (1 + k2 )ik−1 ( 12 + k2 + δ2 )ik−1
(−αk)ik−1 (−βk)ik−1 (1 + k2 )ik ( 12 + k2 + δ2 )ik

×
αn∑
in=in−1
(−αn)in (−βn)in (1 + n2 )in−1 ( 12 + n2 + δ2 )in−1
(−αn)in−1 (−βn)in−1 (1 + n2 )in ( 12 + n2 + δ2 )in
zin
 ηn (A.11)
where 
Γ
(B)
0 =
1
2(2−a) (−2α0 − 2β0 − γ + (1 − a)(δ + γ − 1))
Γ
(B)
k =
1
2(2−a) (−2αk − 2βk − k − γ + (1 − a)(δ + γ + k − 1))
Q(B)0 =
−q+4α0β0
4(2−a)
Q(B)k =
−q+(2αk+k)(2βk+k)
4(2−a)
For the minimum value of Heun equation for a polynomial which makes Bn term terminated
about ξ = 0, put α0 = α1 = α2 = · · · = 0 and β0 = β1 = β2 = · · · = 0 in (A.11).
y(ξ) = Hl(1 − a,−q + αβ;α, β, δ, γ; 1 − x)
= 2F1

−Λ6 −
√
Λ26 − 4(a − 1)q
2(a − 1) ,
−Λ6 +
√
Λ26 − 4(a − 1)q
2(a − 1) ; δ; ξ
 (A.12)
where Λ6 = (1 − a)(γ + δ − 1). It tells us that Heun polynomials in which makes Bn term
terminated, for fixed values of α and β, require |ξ| < 1 for the convergence of the radius.
For the special case, if ξ = 1 and Re (γ) < 1 in (A.12),
y(1) = Hl(1 − a,−q + αβ;α, β, δ, γ; 1)
=
Γ (δ) Γ (1 − γ)
Γ
(
δ +
Λ6−
√
Λ26−4(a−1)q
2(a−1)
)
Γ
(
δ +
Λ6+
√
Λ26−4(a−1)q
2(a−1)
)
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Appendix A.3.2. Infinite series
Replace coefficients a, q, γ, δ, x, c0 and λ by 1−a, −q +αβ, δ, γ, 1− x,1 and zero into (3.30).
y(ξ) = Hl(1 − a,−q + αβ;α, β, δ, γ; 1 − x)
=
∞∑
i0=0
(α2 )i0 (
β
2 )i0
(1)i0 (
1
2 +
δ
2 )i0
zi0
+

∞∑
i0=0
i0
(
i0 + Γ
(I)
0
)
+ Q
(i0 + 12 )(i0 +
δ
2 )
(α2 )i0 (
β
2 )i0
(1)i0 (
1
2 +
δ
2 )i0
∞∑
i1=i0
( 12 +
α
2 )i1 (
1
2 +
β
2 )i1 (
3
2 )i0 (1 +
δ
2 )i0
( 12 +
α
2 )i0 (
1
2 +
β
2 )i0 (
3
2 )i1 (1 +
δ
2 )i1
zi1
 η
+
∞∑
n=2

∞∑
i0=0
i0
(
i0 + Γ
(I)
0
)
+ Q
(i0 + 12 )(i0 +
δ
2 )
(α2 )i0 (
β
2 )i0
(1)i0 (
1
2 +
δ
2 )i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik + k2 )
(
ik + Γ
(I)
k
)
+ Q
(ik + k2 +
1
2 )(ik +
k
2 +
δ
2 )
( k2 +
α
2 )ik (
k
2 +
β
2 )ik (1 +
k
2 )ik−1 (
1
2 +
k
2 +
δ
2 )ik−1
( k2 +
α
2 )ik−1 (
k
2 +
β
2 )ik−1 (1 +
k
2 )ik (
1
2 +
k
2 +
δ
2 )ik

×
∞∑
in=in−1
( n2 +
α
2 )in (
n
2 +
β
2 )in (1 +
n
2 )in−1 (
1
2 +
n
2 +
δ
2 )in−1
( n2 +
α
2 )in−1 (
n
2 +
β
2 )in−1 (1 +
n
2 )in (
1
2 +
n
2 +
δ
2 )in
zin
 ηn (A.13)
where 
Γ
(I)
0 =
1
2(2−a) (α + β − γ + (1 − a)(δ + γ − 1))
Γ
(I)
k =
1
2(2−a) (α + β − γ + k + (1 − a)(δ + γ + k − 1))
Q = −q+αβ4(2−a)
Appendix A.4. (1 − x)1−δHl(1 − a,−q + (δ − 1)γa + (α − δ + 1)(β − δ + 1);α − δ + 1, β − δ + 1
, 2 − δ, γ; 1 − x)
Appendix A.4.1. Polynomial which makes Bn term terminated
(1) The case of α = −2αi − i + δ − 1 and β , −2βi − i + δ − 1 where i, αi, βi = 0, 1, 2, · · · .
Replace coefficients a, q, α, β, γ, δ, x, c0 and λ by 1−a, −q+ (δ−1)γa+ (α−δ+1)(β−δ+1),
α − δ + 1, β − δ + 1, 2 − δ, γ, 1 − x, 1 and zero into (3.7). Multiply (1 − x)1−δ and the new (3.7)
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together.
(1 − x)1−δy(ξ)
= (1 − x)1−δHl(1 − a,−q + (δ − 1)γa + (α − δ + 1)(β − δ + 1);α − δ + 1, β − δ + 1, 2 − δ, γ; 1 − x)
= (1 − x)1−δ
 α0∑
i0=0
(−α0)i0 ( β−δ+12 )i0
(1)i0 (
3−δ
2 )i0
zi0
+

α0∑
i0=0
i0
(
i0 + Γ
(S )
0
)
+ Q(S )0
(i0 + 12 )(i0 +
2−δ
2 )
(−α0)i0 ( β−δ+12 )i0
(1)i0 (
3−δ
2 )i0
α1∑
i1=i0
(−α1)i1 ( β−δ+22 )i1 ( 32 )i0 ( 4−δ2 )i0
(−α1)i0 ( β−δ+22 )i0 ( 32 )i1 ( 4−δ2 )i1
zi1
 η
+
∞∑
n=2

α0∑
i0=0
i0
(
i0 + Γ
(S )
0
)
+ Q(S )0
(i0 + 12 )(i0 +
2−δ
2 )
(−α0)i0 ( β−δ+12 )i0
(1)i0 (
3−δ
2 )i0
×
n−1∏
k=1

αk∑
ik=ik−1
(ik + k2 )
(
ik + Γ
(S )
k
)
+ Q(S )k
(ik + k+12 )(ik +
2+k−δ
2 )
(−αk)ik ( β−δ+k+12 )ik ( k+22 )ik−1 ( k+3−δ2 )ik−1
(−αk)ik−1 ( β−δ+k+12 )ik−1 ( k+22 )ik ( k+3−δ2 )ik

×
αn∑
in=in−1
(−αn)in ( β−δ+n+12 )in ( n+22 )in−1 ( n+3−δ2 )in−1
(−αn)in−1 ( β−δ+n+12 )in−1 ( n+22 )in ( n+3−δ2 )in
zin
 ηn
 (A.14)
where 
ξ = 1 − x
z = −11−aξ
2
η = 2−a1−aξ
αi ≤ α j only if i ≤ j where i, j = 0, 1, 2, · · ·
and 
Γ
(S )
0 =
1
2(2−a) (−2α0 + β − δ − γ + 1 + (1 − a)(γ − δ + 1))
Γ
(S )
k =
1
2(2−a) (−2αk + β − δ − γ + 1 + (1 − a)(γ − δ + k + 1))
Q(S )0 =
−q+(δ−1)γa−2α0(β−δ+1)
4(2−a)
Q(S )k =
−q+(δ−1)γa−(2αk+k)(β−δ+1)
4(2−a)
For the minimum value of Heun equation for a polynomial which makes Bn term terminated
about ξ = 0, put α0 = α1 = α2 = · · · = 0 in (A.14).
(1 − x)1−δy(ξ)
= (1 − x)1−δHl(1 − a,−q + (δ − 1)γa + (α − δ + 1)(β − δ + 1);α − δ + 1, β − δ + 1, 2 − δ, γ; 1 − x)
= (1 − x)1−δ 2F1

−Λ7 −
√
Λ27 + 4(a − 1)Ω7
2(a − 1) ,
−Λ7 +
√
Λ27 + 4(a − 1)Ω7
2(a − 1) ; 2 − δ; ξ
 (A.15)
where Λ7 = −γ + (1 − a)(γ − δ + 1) and Ω7 = −q + aγ(δ − 1). It tells us that Heun polynomials
in which makes Bn term terminated, for fixed values of α, require |ξ| < 1 for the convergence of
the radius.
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For the special case, if ξ = 1 and Re
(
a
a−1γ
)
< 1 in (A.15),
y(1)
= Hl(1 − a,−q + (δ − 1)γa + (α − δ + 1)(β − δ + 1);α − δ + 1, β − δ + 1, 2 − δ, γ; 1)
=
Γ (2 − δ) Γ
(
1 − aa−1γ
)
Γ
(
2 − δ + Λ7−
√
Λ27+4(a−1)Ω7
2(a−1)
)
Γ
(
2 − δ + Λ7+
√
Λ27+4(a−1)Ω7
2(a−1)
)
(2) The case of α = −2αi − i + δ − 1 and β = −2βi − i + δ − 1 only if αi ≤ βi.
Put β = −2βi − i + δ − 1 where i = 0, 1, 2, · · · in (A.14).
(1 − x)1−δy(ξ)
= (1 − x)1−δHl(1 − a,−q + (δ − 1)γa + (α − δ + 1)(β − δ + 1);α − δ + 1, β − δ + 1, 2 − δ, γ; 1 − x)
= (1 − x)1−δ
 α0∑
i0=0
(−α0)i0 (−β0)i0
(1)i0 (
3−δ
2 )i0
zi0
+

α0∑
i0=0
i0
(
i0 + Γ
(B)
0
)
+ Q(B)0
(i0 + 12 )(i0 +
2−δ
2 )
(−α0)i0 (−β0)i0
(1)i0 (
3−δ
2 )i0
α1∑
i1=i0
(−α1)i1 (−β1)i1 ( 32 )i0 ( 4−δ2 )i0
(−α1)i0 (−β1)i0 ( 32 )i1 ( 3−δ2 )i1
zi1
 η
+
∞∑
n=2

α0∑
i0=0
i0
(
i0 + Γ
(B)
0
)
+ Q(B)0
(i0 + 12 )(i0 +
2−δ
2 )
(−α0)i0 (−β0)i0
(1)i0 (
3−δ
2 )i0
×
n−1∏
k=1

αk∑
ik=ik−1
(ik + k2 )
(
ik + Γ
(B)
k
)
+ Q(B)k
(ik + k+12 )(ik +
2+k−δ
2 )
(−αk)ik (−βk)ik ( k+22 )ik−1 ( k+3−δ2 )ik−1
(−αk)ik−1 (−βk)ik−1 ( k+22 )ik ( k+3−δ2 )ik

×
αn∑
in=in−1
(−αn)in (−βn)in ( n+22 )in−1 ( n+3−δ2 )in−1
(−αn)in−1 (−βn)in−1 ( n+22 )in ( n+3−δ2 )in
zin
 ηn
 (A.16)
where 
Γ
(B)
0 =
1
2(2−a) (−2α0 − 2β0 − γ + (1 − a)(γ − δ + 1))
Γ
(B)
k =
1
2(2−a) (−2αk − 2βk − γ − k + (1 − a)(γ − δ + k + 1))
Q(B)0 =
−q+(δ−1)γa+4α0β0
4(2−a)
Q(B)k =
−q+(δ−1)γa+(2αk+k)(2βk+k)
4(2−a)
For the minimum value of Heun equation for a polynomial which makes Bn term terminated
about ξ = 0, put α0 = α1 = α2 = · · · = 0 and β0 = β1 = β2 = · · · = 0 in (A.16).
(1 − x)1−δy(ξ)
= (1 − x)1−δHl(1 − a,−q + (δ − 1)γa + (α − δ + 1)(β − δ + 1);α − δ + 1, β − δ + 1, 2 − δ, γ; 1 − x)
= (1 − x)1−δ 2F1

−Λ8 −
√
Λ28 + 4(a − 1)Ω8
2(a − 1) ,
−Λ8 +
√
Λ28 + 4(a − 1)Ω8
2(a − 1) ; 2 − δ; ξ
 (A.17)
where Λ8 = −δ+ 1−a(γ− δ+ 1) and Ω8 = qaγ(1− δ). It tells us that Heun polynomials in which
makes Bn term terminated, for fixed values of α and β, require |ξ| < 1 for the convergence of the
radius.
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For the special case, if ξ = 1 and Re
(
a
a−1γ
)
< 1 in (A.17),
y(1)
= Hl(1 − a,−q + (δ − 1)γa + (α − δ + 1)(β − δ + 1);α − δ + 1, β − δ + 1, 2 − δ, γ; 1)
=
Γ (2 − δ) Γ
(
1 − aa−1γ
)
Γ
(
2 − δ + Λ8−
√
Λ28+4(a−1)Ω8
2(a−1)
)
Γ
(
2 − δ + Λ8+
√
Λ28+4(a−1)Ω8
2(a−1)
)
Appendix A.4.2. Infinite series
Replace coefficients a, q, α, β, γ, δ, x, c0 and λ by 1−a, −q+ (δ−1)γa+ (α−δ+1)(β−δ+1),
α− δ+ 1, β− δ+ 1, 2− δ, γ, 1− x, 1 and zero into (3.30). Multiply (1− x)1−δ and the new (3.30)
together.
(1 − x)1−δy(ξ)
= (1 − x)1−δHl(1 − a,−q + (δ − 1)γa + (α − δ + 1)(β − δ + 1);α − δ + 1, β − δ + 1, 2 − δ, γ; 1 − x)
= (1 − x)1−δ
{ ∞∑
i0=0
(α−δ+12 )i0 (
β−δ+1
2 )i0
(1)i0 (
3−δ
2 )i0
zi0
+
{ ∞∑
i0=0
i0
(
i0 + Γ
(I)
0
)
+ Q
(i0 + 12 )(i0 +
2−δ
2 )
(α−δ+12 )i0 (
β−δ+1
2 )i0
(1)i0 (
3−δ
2 )i0
∞∑
i1=i0
(α−δ+22 )i1 (
β−δ+2
2 )i1 (
3
2 )i0 (
4−δ
2 )i0
(α−δ+22 )i0 (
β−δ+2
2 )i0 (
3
2 )i1 (
4−δ
2 )i1
zi1
}
η
+
∞∑
n=2
{ ∞∑
i0=0
i0
(
i0 + Γ
(I)
0
)
+ Q
(i0 + 12 )(i0 +
2−δ
2 )
(α−δ+12 )i0 (
β−δ+1
2 )i0
(1)i0 (
3−δ
2 )i0
×
n−1∏
k=1
{ ∞∑
ik=ik−1
(ik + k2 )
(
ik + Γ
(I)
k
)
+ Q
(ik + k+12 )(ik +
2+k−δ
2 )
(α−δ+k+12 )ik (
β−δ+k+1
2 )ik (
k+2
2 )ik−1 (
k+3−δ
2 )ik−1
(α−δ+k+12 )ik−1 (
β−δ+k+1
2 )ik−1 (
k+2
2 )ik (
k+3−δ
2 )ik
}
×
∞∑
in=in−1
(α−δ+n+12 )in (
β−δ+n+1
2 )in (
n+2
2 )in−1 (
n+3−δ
2 )in−1
(α−δ+n+12 )in−1 (
β−δ+n+1
2 )in−1 (
n+2
2 )in (
n+3−δ
2 )in
zin
}
ηn
}
(A.18)
where 
Γ
(I)
0 =
1
2(2−a) (α + β − 2δ − γ + 2 + (1 − a)(γ − δ + 1))
Γ
(I)
k =
1
2(2−a) (α + β − 2δ − γ + k + 2 + (1 − a)(γ − δ + k + 1))
Q = −q+(δ−1)γa+(α−δ+1)(β−δ+1)4(2−a)
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Appendix A.5. x−αHl
(
1
a
,
q + α[(α − γ − δ + 1)a − β + δ]
a
;α, α − γ + 1, α − β + 1, δ; 1
x
)
Appendix A.5.1. Infinite series
Replace coefficients a, q, β, γ, x, c0 and λ by 1a ,
q+α[(α−γ−δ+1)a−β+δ]
a , α − γ + 1, α − β + 1, 1x , 1
and zero into (3.30). Multiply x−α and the new (3.30) together.
x−αy(ξ)
= x−αHl
(
1
a
,
q + α[(α − γ − δ + 1)a − β + δ]
a
;α, α − γ + 1, α − β + 1, δ; 1
x
)
= x−α
 ∞∑
i0=0
(α2 )i0 (
α−γ+1
2 )i0
(1)i0 (
α−β+2
2 )i0
zi0
+

∞∑
i0=0
i0
(
i0 + Γ
(I)
0
)
+ Q
(i0 + 12 )(i0 +
α−β+1
2 )
(α2 )i0 (
α−γ+1
2 )i0
(1)i0 (
α−β+2
2 )i0
∞∑
i1=i0
(α+12 )i1 (
α−γ+2
2 )i1 (
3
2 )i0 (
α−β+3
2 )i0
(α+12 )i0 (
α−γ+2
2 )i0 (
3
2 )i1 (
α−β+3
2 )i1
zi1
 η
+
∞∑
n=2

∞∑
i0=0
i0
(
i0 + Γ
(I)
0
)
+ Q
(i0 + 12 )(i0 +
α−β+1
2 )
(α2 )i0 (
α−γ+1
2 )i0
(1)i0 (
α−β+2
2 )i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik + k2 )
(
ik + Γ
(I)
k
)
+ Q
(ik + k+12 )(ik +
α−β+k+1
2 )
(α+k2 )ik (
α−γ+k+1
2 )ik (
k+2
2 )ik−1 (
α−β+k+2
2 )ik−1
(α+k2 )ik−1 (
α−γ+k+1
2 )ik−1 (
k+2
2 )ik (
α−β+k+2
2 )ik

×
∞∑
in=in−1
(α+n2 )in (
α−γ+n+1
2 )in (
n+2
2 )in−1 (
α−β+n+2
2 )in−1
(α+n2 )in−1 (
α−γ+n+1
2 )in−1 (
n+2
2 )in (
α−β+n+2
2 )in
zin
 ηn
 (A.19)
where 
ξ = 1x
z = −aξ2
η = (1 + a)ξ
and 
Γ
(I)
0 =
a
2(1+a) (2α − γ − δ + 1 + 1a (α − β + δ))
Γ
(I)
k =
a
2(1+a) (2α − γ − δ + k + 1 + 1a (α − β + δ + k))
Q = q+α(a(α−γ−δ+1)−β+δ)4(1+a)
Appendix A.5.2. Polynomial which makes Bn term terminated
Substitute γ = α + 2γi + i + 1 into (A.19) where i, γi = 0, 1, 2, · · · ; apply γ = α + 2γ0 + 1
into sub-power series y0(x), apply γ = α + 2γ0 + 1 into the first summation and γ = α + 2γ1 + 2
into second summation of sub-power series y1(x), apply γ = α+ 2γ0 + 1 into the first summation,
γ = α + 2γ1 + 2 into the second summation and γ = α + 2γ2 + 3 into the third summation of
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sub-power series y2(x), etc.9
x−αy(ξ)
= x−αHl
(
1
a
,
q + α[(α − γ − δ + 1)a − β + δ]
a
;α, α − γ + 1, α − β + 1, δ; 1
x
)
= x−α
 γ0∑
i0=0
(α2 )i0 (−γ0)i0
(1)i0 (
α−β+2
2 )i0
zi0
+

γ0∑
i0=0
i0
(
i0 + Γ
(S )
0
)
+ Q(S )0
(i0 + 12 )(i0 +
α−β+1
2 )
(α2 )i0 (−γ0)i0
(1)i0 (
α−β+2
2 )i0
γ1∑
i1=i0
(α+12 )i1 (−γ1)i1 ( 32 )i0 (α−β+32 )i0
(α+12 )i0 (−γ1)i0 ( 32 )i1 (α−β+32 )i1
zi1
 η
+
∞∑
n=2

γ0∑
i0=0
i0
(
i0 + Γ
(S )
0
)
+ Q(S )0
(i0 + 12 )(i0 +
α−β+1
2 )
(α2 )i0 (−γ0)i0
(1)i0 (
α−β+2
2 )i0
×
n−1∏
k=1

γk∑
ik=ik−1
(ik + k2 )
(
ik + Γ
(S )
k
)
+ Q(S )k
(ik + k+12 )(ik +
α−β+k+1
2 )
(α+k2 )ik (−γk)ik ( k+22 )ik−1 (α−β+k+22 )ik−1
(α+k2 )ik−1 (−γk)ik−1 ( k+22 )ik (α−β+k+22 )ik

×
γn∑
in=in−1
(α+n2 )in (−γn)in ( n+22 )in−1 (α−β+n+22 )in−1
(α+n2 )in−1 (−γn)in−1 ( n+22 )in (α−β+n+22 )in
zin
 ηn
 (A.20)
where
γi ≤ γ j only if i ≤ j where i, j = 0, 1, 2, · · ·
and 
Γ
(S )
0 =
a
2(1+a) (α − δ − 2γ0 + 1a (α − β + δ))
Γ
(S )
k =
a
2(1+a) (α − δ − 2γk + 1a (α − β + δ + k))
Q(S )0 =
q−α(a(δ+2γ0)+β−δ)
4(1+a)
Q(S )k =
q−α(a(δ+2γk+k)+β−δ)
4(1+a)
For the minimum value of Heun equation for a polynomial which makes Bn term terminated
about ξ = 0, put γ0 = γ1 = γ2 = · · · = 0 in (A.20).
x−αy(ξ)
= x−αHl
(
1
a
,
q + α[(α − γ − δ + 1)a − β + δ]
a
;α, α − γ + 1, α − β + 1, δ; 1
x
)
= x−α 2F1

Λ9 −
√
Λ29 − 4Ω9
2
,
Λ9 +
√
Λ29 − 4Ω9
2
;α − β + 1; ξ
 (A.21)
where Λ9 = α − β − (a − 1)δ and Ω9 = q − α(β + (a − 1)δ). It tells us that Heun polynomials in
which makes Bn term terminated, for fixed values of γ, require |ξ| < 1 for the convergence of the
radius.
9I treat α, β, δ and q as free variables and a fixed value of γ to construct the polynomial which makes Bn term
terminated.
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For the special case, if ξ = 1 and Re ((a − 1)δ) > −1 in (A.21),
y(1)
= Hl
(
1
a
,
q + α[(α − γ − δ + 1)a − β + δ]
a
;α, α − γ + 1, α − β + 1, δ; 1
)
=
Γ (α − β + 1) Γ (1 + (a − 1)δ)
Γ
(
α − β + 1 − Λ9−
√
Λ29−4Ω9
2
)
Γ
(
α − β + 1 − Λ9+
√
Λ29−4Ω9
2
)
Appendix A.6.
(
1 − x
a
)−β
Hl
(
1 − a,−q + γβ;−α + γ + δ, β, γ, δ; (1 − a)x
x − a
)
Appendix A.6.1. Infinite series
Replace coefficients a, q, α, x, c0 and λ by 1 − a, −q + γβ, −α + γ + δ, (1−a)xx−a , 1 and zero into
(3.30). Multiply
(
1 − xa
)−β
and the new (3.30) together.(
1 − x
a
)−β
y(ξ)
=
(
1 − x
a
)−β
Hl
(
1 − a,−q + γβ;−α + γ + δ, β, γ, δ; (1 − a)x
x − a
)
=
(
1 − x
a
)−β  ∞∑
i0=0
(−α+γ+δ2 )i0 (
β
2 )i0
(1)i0 (
1
2 +
γ
2 )i0
zi0
+

∞∑
i0=0
i0
(
i0 + Γ
(I)
0
)
+ Q
(i0 + 12 )(i0 +
γ
2 )
(−α+γ+δ2 )i0 (
β
2 )i0
(1)i0 (
1
2 +
γ
2 )i0
∞∑
i1=i0
(−α+γ+δ+12 )i1 (
1
2 +
β
2 )i1 (
3
2 )i0 (1 +
γ
2 )i0
(−α+γ+δ+12 )i0 (
1
2 +
β
2 )i0 (
3
2 )i1 (1 +
γ
2 )i1
zi1
 η
+
∞∑
n=2

∞∑
i0=0
i0
(
i0 + Γ
(I)
0
)
+ Q
(i0 + 12 )(i0 +
γ
2 )
(−α+γ+δ2 )i0 (
β
2 )i0
(1)i0 (
1
2 +
γ
2 )i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik + k2 )
(
ik + Γ
(I)
k
)
+ Q
(ik + k2 +
1
2 )(ik +
k
2 +
γ
2 )
(−α+γ+δ+k2 )ik (
k
2 +
β
2 )ik (1 +
k
2 )ik−1 (
1
2 +
k
2 +
γ
2 )ik−1
(−α+γ+δ+k2 )ik−1 (
k
2 +
β
2 )ik−1 (1 +
k
2 )ik (
1
2 +
k
2 +
γ
2 )ik

×
∞∑
in=in−1
(−α+γ+δ+n2 )in (
n
2 +
β
2 )in (1 +
n
2 )in−1 (
1
2 +
n
2 +
γ
2 )in−1
(−α+γ+δ+n2 )in−1 (
n
2 +
β
2 )in−1 (1 +
n
2 )in (
1
2 +
n
2 +
γ
2 )in
zin
 ηn
 (A.22)
where 
ξ = (1−a)xx−a
z = − 11−aξ2
η = (2−a)(1−a)ξ
and 
Γ
(I)
0 =
1
2(2−a) (−α + β + γ + (1 − a)(δ + γ − 1))
Γ
(I)
k =
1
2(2−a) (−α + β + γ + k + (1 − a)(δ + γ + k − 1))
Q = −q+γβ4(2−a)
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Appendix A.6.2. Polynomial which makes Bn term terminated
(1) The case of α = γ + δ + 2αi + i where i, αi = 0, 1, 2, · · · .
Substitute α = γ + δ+ 2αi + i into (A.22): apply α = γ + δ+ 2α0 into sub-power series y0(x),
apply α = γ + δ + 2α0 into the first summation and α = γ + δ + 2α1 + 1 into second summation
of sub-power series y1(x), apply α = γ + δ + 2α0 into the first summation, α = γ + δ + 2α1 + 1
into the second summation and α = γ+ δ+ 2α2 + 2 into the third summation of sub-power series
y2(x), etc.10 (
1 − x
a
)−β
y(ξ)
=
(
1 − x
a
)−β
Hl
(
1 − a,−q + γβ;−α + γ + δ, β, γ, δ; (1 − a)x
x − a
)
=
(
1 − x
a
)−β  α0∑
i0=0
(−α0)i0 ( β2 )i0
(1)i0 (
1
2 +
γ
2 )i0
zi0
+

α0∑
i0=0
i0
(
i0 + Γ
(S )
0
)
+ Q
(i0 + 12 )(i0 +
γ
2 )
(−α0)i0 ( β2 )i0
(1)i0 (
1
2 +
γ
2 )i0
α1∑
i1=i0
(−α1)i1 ( 12 + β2 )i1 ( 32 )i0 (1 + γ2 )i0
(−α1)i0 ( 12 + β2 )i0 ( 32 )i1 (1 + γ2 )i1
zi1
 η
+
∞∑
n=2

α0∑
i0=0
i0
(
i0 + Γ
(S )
0
)
+ Q
(i0 + 12 )(i0 +
γ
2 )
(−α0)i0 ( β2 )i0
(1)i0 (
1
2 +
γ
2 )i0
×
n−1∏
k=1

αk∑
ik=ik−1
(ik + k2 )
(
ik + Γ
(S )
k
)
+ Q
(ik + k2 +
1
2 )(ik +
k
2 +
γ
2 )
(−αk)ik ( k2 + β2 )ik (1 + k2 )ik−1 ( 12 + k2 + γ2 )ik−1
(−αk)ik−1 ( k2 + β2 )ik−1 (1 + k2 )ik ( 12 + k2 + γ2 )ik

×
αn∑
in=in−1
(−αn)in ( n2 + β2 )in (1 + n2 )in−1 ( 12 + n2 + γ2 )in−1
(−αn)in−1 ( n2 + β2 )in−1 (1 + n2 )in ( 12 + n2 + γ2 )in
zin
 ηn
 (A.23)
where
αi ≤ α j only if i ≤ j where i, j = 0, 1, 2, · · ·
and 
Γ
(S )
0 =
1
2(2−a) (β − δ − 2α0 + (1 − a)(δ + γ − 1))
Γ
(S )
k =
1
2(2−a) (β − δ − 2αk + (1 − a)(δ + γ + k − 1))
Q = −q+γβ4(2−a)
For the minimum value of Heun equation for a polynomial which makes Bn term terminated
about ξ = 0, put α0 = α1 = α2 = · · · = 0 in (A.23).(
1 − x
a
)−β
y(ξ)
=
(
1 − x
a
)−β
Hl
(
1 − a,−q + γβ;−α + γ + δ, β, γ, δ; (1 − a)x
x − a
)
=
(
1 − x
a
)−β
2F1

−Λ10 −
√
Λ210 + 4(a − 1)Ω10
2(a − 1) ,
−Λ10 +
√
Λ210 + 4(a − 1)Ω10
2(a − 1) ; γ; ξ
 (A.24)
10I treat β, γ, δ and q as free variables and a fixed value of α to construct the polynomial which makes Bn term
terminated.
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where Λ10 = β − δ − (a − 1)(γ + δ − 1) and Ω10 = −q + βγ. It tells us that Heun polynomials in
which makes Bn term terminated, for fixed values of α, require |ξ| < 1 for the convergence of the
radius.
For the special case, if ξ = 1 and Re
(
β−aδ
a−1
)
> −1 in (A.24),(
1 − 1
a
)−β
y(1)
=
(
1 − 1
a
)−β
Hl (1 − a,−q + γβ;−α + γ + δ, β, γ, δ; 1)
=
(
1 − 1
a
)−β Γ (γ) Γ (1 + β−aδa−1 )
Γ
(
γ +
Λ10−
√
Λ210+4(a−1)Ω10
2(a−1)
)
Γ
(
γ +
Λ10+
√
Λ210+4(a−1)Ω10
2(a−1)
)
(2) The case of δ = α − γ − 2δi − i where i, δi = 0, 1, 2, · · · .
Substitute δ = α − γ − 2δi − i into (A.22): apply δ = α − γ − 2δ0 into sub-power series y0(x),
apply δ = α − γ − 2δ0 into the first summation and δ = α − γ − 2δ1 − 1 into second summation
of sub-power series y1(x), apply δ = α − γ − 2δ0 into the first summation, δ = α − γ − 2δ1 − 1
into the second summation and δ = α− γ − 2δ2 − 2 into the third summation of sub-power series
y2(x), etc.11 (
1 − x
a
)−β
y(ξ)
=
(
1 − x
a
)−β
Hl
(
1 − a,−q + γβ;−α + γ + δ, β, γ, δ; (1 − a)x
x − a
)
=
(
1 − x
a
)−β  δ0∑
i0=0
(−δ0)i0 ( β2 )i0
(1)i0 (
1
2 +
γ
2 )i0
zi0
+

δ0∑
i0=0
i0
(
i0 + Γ
(S )
0
)
+ Q
(i0 + 12 )(i0 +
γ
2 )
(−δ0)i0 ( β2 )i0
(1)i0 (
1
2 +
γ
2 )i0
δ1∑
i1=i0
(−δ1)i1 ( 12 + β2 )i1 ( 32 )i0 (1 + γ2 )i0
(−δ1)i0 ( 12 + β2 )i0 ( 32 )i1 (1 + γ2 )i1
zi1
 η
+
∞∑
n=2

δ0∑
i0=0
i0
(
i0 + Γ
(S )
0
)
+ Q
(i0 + 12 )(i0 +
γ
2 )
(−δ0)i0 ( β2 )i0
(1)i0 (
1
2 +
γ
2 )i0
×
n−1∏
k=1

δk∑
ik=ik−1
(ik + k2 )
(
ik + Γ
(S )
k
)
+ Q
(ik + k2 +
1
2 )(ik +
k
2 +
γ
2 )
(−δk)ik ( k2 + β2 )ik (1 + k2 )ik−1 ( 12 + k2 + γ2 )ik−1
(−δk)ik−1 ( k2 + β2 )ik−1 (1 + k2 )ik ( 12 + k2 + γ2 )ik

×
δn∑
in=in−1
(−δn)in ( n2 + β2 )in (1 + n2 )in−1 ( 12 + n2 + γ2 )in−1
(−δn)in−1 ( n2 + β2 )in−1 (1 + n2 )in ( 12 + n2 + γ2 )in
zin
 ηn
 (A.25)
where
δi ≤ δ j only if i ≤ j where i, j = 0, 1, 2, · · ·
11I treat α, β, γ and q as free variables and a fixed value of δ to construct the polynomial which makes Bn term
terminated.
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and 
Γ
(S )
0 =
1
2(2−a) (−α + β + γ + (1 − a)(α − 2δ0 − 1))
Γ
(S )
k =
1
2(2−a) (−α + β + γ + k + (1 − a)(α − 2δk − 1))
Q = −q+γβ4(2−a)
For the minimum value of Heun equation for a polynomial which makes Bn term terminated
about ξ = 0, put δ0 = δ1 = δ2 = · · · = 0 in (A.25).(
1 − x
a
)−β
y(ξ)
=
(
1 − x
a
)−β
Hl
(
1 − a,−q + γβ;−α + γ + δ, β, γ, δ; (1 − a)x
x − a
)
=
(
1 − x
a
)−β
2F1

Λ11 −
√
Λ211 − 4Ω11
2
,
Λ11 +
√
Λ211 − 4Ω11
2
; γ;
ξ
1 − a
 (A.26)
where Λ11 = β + γ − 1 − a(α − 1) and Ω11 = −q + βγ. It tells us that Heun polynomials in which
makes Bn term terminated, for fixed values of δ, require
∣∣∣ ξ1−a ∣∣∣ < 1 for the convergence of the
radius.
For the special case, if ξ1−a = 1 and Re (β − a(α − 1)) < 1 in (A.26),(
1 − 1
a
)−β
y(1 − a)
=
(
1 − 1
a
)−β
Hl (1 − a,−q + γβ;−α + γ + δ, β, γ, δ; 1)
=
(
1 − 1
a
)−β
Γ (γ) Γ (−β + 1 + a(α − 1))
Γ
(
γ − Λ11−
√
Λ211−4Ω11
2
)
Γ
(
γ − Λ11+
√
Λ211−4Ω11
2
)
Appendix A.7. (1 − x)1−δ
(
1 − x
a
)−β+δ−1
Hl
(
1 − a,−q + γ[(δ − 1)a + β − δ + 1];−α + γ + 1
, β − δ + 1, γ, 2 − δ; (1 − a)x
x − a
)
Appendix A.7.1. Infinite series
Replace coefficients a, q, α, β, δ, x, c0 and λ by 1− a, −q +γ[(δ− 1)a + β− δ+ 1], −α+γ+ 1,
β−δ+1, 2−δ, (1−a)xx−a , 1 and zero into (3.30). Multiply (1− x)1−δ
(
1 − xa
)−β+δ−1
and the new (3.30)
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together.
(1 − x)1−δ
(
1 − x
a
)−β+δ−1
y(ξ)
= (1 − x)1−δ
(
1 − x
a
)−β+δ−1
Hl
(
1 − a,−q + γ[(δ − 1)a + β − δ + 1];−α + γ + 1, β − δ + 1, γ
, 2 − δ; (1 − a)x
x − a
)
= (1 − x)1−δ
(
1 − x
a
)−β+δ−1  ∞∑
i0=0
(−α+γ+12 )i0 (
β−δ+1
2 )i0
(1)i0 (
1
2 +
γ
2 )i0
zi0
+

∞∑
i0=0
i0
(
i0 + Γ
(I)
0
)
+ Q
(i0 + 12 )(i0 +
γ
2 )
(−α+γ+12 )i0 (
β−δ+1
2 )i0
(1)i0 (
1
2 +
γ
2 )i0
∞∑
i1=i0
(−α+γ+22 )i1 (
β−δ+2
2 )i1 (
3
2 )i0 (1 +
γ
2 )i0
(−α+γ+22 )i0 (
β−δ+2
2 )i0 (
3
2 )i1 (1 +
γ
2 )i1
zi1
 η
+
∞∑
n=2

∞∑
i0=0
i0
(
i0 + Γ
(I)
0
)
+ Q
(i0 + 12 )(i0 +
γ
2 )
(−α+γ+12 )i0 (
β−δ+1
2 )i0
(1)i0 (
1
2 +
γ
2 )i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik + k2 )
(
ik + Γ
(I)
k
)
+ Q
(ik + k2 +
1
2 )(ik +
k
2 +
γ
2 )
(−α+γ+k+12 )ik (
β−δ+k+1
2 )ik (1 +
k
2 )ik−1 (
1
2 +
k
2 +
γ
2 )ik−1
(−α+γ+k+12 )ik−1 (
β−δ+k+1
2 )ik−1 (1 +
k
2 )ik (
1
2 +
k
2 +
γ
2 )ik

×
∞∑
in=in−1
(−α+γ+n+12 )in (
β−δ+n+1
2 )in (1 +
n
2 )in−1 (
1
2 +
n
2 +
γ
2 )in−1
(−α+γ+n+12 )in−1 (
β−δ+n+1
2 )in−1 (1 +
n
2 )in (
1
2 +
n
2 +
γ
2 )in
zin
 ηn
 (A.27)
where 
ξ = (1−a)xx−a
z = − 11−aξ2
η = (2−a)(1−a)ξ
and 
Γ
(I)
0 =
1
2(2−a) (−α + β + γ + (1 − a)(γ − δ + 1))
Γ
(I)
k =
1
2(2−a) (−α + β + γ + k + (1 − a)(γ − δ + k + 1))
Q = −q+γ(a(δ−1)+β−δ+1)4(2−a)
Appendix A.7.2. Polynomial which makes Bn term terminated
Substitute α = γ + 1 + 2αi + i into (A.27): apply α = γ + 1 + 2α0 into sub-power series y0(x),
apply α = γ + 1 + 2α0 into the first summation and α = γ + 1 + 2α1 + 1 into second summation
of sub-power series y1(x), apply α = γ + 1 + 2α0 into the first summation, α = γ + 1 + 2α1 + 1
into the second summation and α = γ+ 1 + 2α2 + 2 into the third summation of sub-power series
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y2(x), etc.12
(1 − x)1−δ
(
1 − x
a
)−β+δ−1
y(ξ)
= (1 − x)1−δ
(
1 − x
a
)−β+δ−1
Hl
(
1 − a,−q + γ[(δ − 1)a + β − δ + 1];−α + γ + 1, β − δ + 1, γ
, 2 − δ; (1 − a)x
x − a
)
= (1 − x)1−δ
(
1 − x
a
)−β+δ−1  α0∑
i0=0
(−α0)i0 ( β−δ+12 )i0
(1)i0 (
1
2 +
γ
2 )i0
zi0
+

α0∑
i0=0
i0
(
i0 + Γ
(S )
0
)
+ Q
(i0 + 12 )(i0 +
γ
2 )
(−α0)i0 ( β−δ+12 )i0
(1)i0 (
1
2 +
γ
2 )i0
α1∑
i1=i0
(−α1)i1 ( β−δ+22 )i1 ( 32 )i0 (1 + γ2 )i0
(−α1)i0 ( β−δ+22 )i0 ( 32 )i1 (1 + γ2 )i1
zi1
 η
+
∞∑
n=2

α0∑
i0=0
i0
(
i0 + Γ
(S )
0
)
+ Q
(i0 + 12 )(i0 +
γ
2 )
(−α0)i0 ( β−δ+12 )i0
(1)i0 (
1
2 +
γ
2 )i0
×
n−1∏
k=1

αk∑
ik=ik−1
(ik + k2 )
(
ik + Γ
(S )
k
)
+ Q
(ik + k2 +
1
2 )(ik +
k
2 +
γ
2 )
(−αk)ik ( β−δ+k+12 )ik (1 + k2 )ik−1 ( 12 + k2 + γ2 )ik−1
(−αk)ik−1 ( β−δ+k+12 )ik−1 (1 + k2 )ik ( 12 + k2 + γ2 )ik

×
αn∑
in=in−1
(−αn)in ( β−δ+n+12 )in (1 + n2 )in−1 ( 12 + n2 + γ2 )in−1
(−αn)in−1 ( β−δ+n+12 )in−1 (1 + n2 )in ( 12 + n2 + γ2 )in
zin
 ηn
 (A.28)
where
αi ≤ α j only if i ≤ j where i, j = 0, 1, 2, · · ·
and 
Γ
(S )
0 =
1
2(2−a) (β − 2α0 − 1 + (1 − a)(γ − δ + 1))
Γ
(S )
k =
1
2(2−a) (β − 2αk − 1 + (1 − a)(γ − δ + k + 1))
Q = −q+γ(a(δ−1)+β−δ+1)4(2−a)
For the minimum value of Heun equation for a polynomial which makes Bn term terminated
about ξ = 0, put α0 = α1 = α2 = · · · = 0 in (A.28).
(1 − x)1−δ
(
1 − x
a
)−β+δ−1
y(ξ)
= (1 − x)1−δ
(
1 − x
a
)−β+δ−1
Hl
(
1 − a,−q + γ[(δ − 1)a + β − δ + 1];−α + γ + 1, β − δ + 1, γ
, 2 − δ; (1 − a)x
x − a
)
= (1 − x)1−δ
(
1 − x
a
)−β+δ−1
2F1

−Λ12 −
√
Λ212 + 4(a − 1)Ω12
2(a − 1) ,
−Λ12 +
√
Λ212 + 4(a − 1)Ω12
2(a − 1) ; γ; ξ

12I treat β, γ, δ and q as free variables and a fixed value of α to construct the polynomial which makes Bn term
terminated.
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where Λ12 = β − (a − 1)(γ − δ) and Ω12 = −q + γ(β + (a − 1)(δ − 1)). It tells us that Heun
polynomials in which makes Bn term terminated, for fixed values of α, require |ξ| < 1 for the
convergence of the radius.
Appendix A.8. x−αHl
(
a − 1
a
,
−q + α(δa + β − δ)
a
;α, α − γ + 1, δ, α − β + 1; x − 1
x
)
Appendix A.8.1. Infinite series
Replace coefficients a, q, β, γ, δ, x, c0 and λ by a−1a ,
−q+α(δa+β−δ)
a , α − γ + 1, δ, α − β + 1, x−1x ,
1 and zero into (3.30). Multiply x−α and the new (3.30) together.
x−αy(ξ)
= x−αHl
(
a − 1
a
,
−q + α(δa + β − δ)
a
;α, α − γ + 1, δ, α − β + 1; x − 1
x
)
= x−α
 ∞∑
i0=0
(α2 )i0 (
α−γ+1
2 )i0
(1)i0 (
1
2 +
δ
2 )i0
zi0
+

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i0
(
i0 + Γ
(I)
0
)
+ Q
(i0 + 12 )(i0 +
δ
2 )
(α2 )i0 (
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2 )i0
(1)i0 (
1
2 +
δ
2 )i0
∞∑
i1=i0
( 12 +
α
2 )i1 (
α−γ+2
2 )i1 (
3
2 )i0 (1 +
δ
2 )i0
( 12 +
α
2 )i0 (
α−γ+2
2 )i0 (
3
2 )i1 (1 +
δ
2 )i1
zi1
 η
+
∞∑
n=2

∞∑
i0=0
i0
(
i0 + Γ
(I)
0
)
+ Q
(i0 + 12 )(i0 +
δ
2 )
(α2 )i0 (
α−γ+1
2 )i0
(1)i0 (
1
2 +
δ
2 )i0
×
n−1∏
k=1

∞∑
ik=ik−1
(ik + k2 )
(
ik + Γ
(I)
k
)
+ Q
(ik + k2 +
1
2 )(ik +
k
2 +
δ
2 )
( k2 +
α
2 )ik (
α−γ+k+1
2 )ik (1 +
k
2 )ik−1 (
1
2 +
k
2 +
δ
2 )ik−1
( k2 +
α
2 )ik−1 (
α−γ+k+1
2 )ik−1 (1 +
k
2 )ik (
1
2 +
k
2 +
δ
2 )ik

×
∞∑
in=in−1
( n2 +
α
2 )in (
α−γ+n+1
2 )in (1 +
n
2 )in−1 (
1
2 +
n
2 +
δ
2 )in−1
( n2 +
α
2 )in−1 (
α−γ+n+1
2 )in−1 (1 +
n
2 )in (
1
2 +
n
2 +
δ
2 )in
zin
 ηn
 (A.29)
where 
ξ = x−1x
z = −aa−1ξ
2
η = 2a−1a−1 ξ
and 
Γ
(I)
0 =
a
2(2a−1) (α + β − γ + a−1a (α − β + δ))
Γ
(I)
k =
a
2(2a−1) (α + β − γ + k + a−1a (α − β + δ + k))
Q = −q+α(δa+β−δ)4(2a−1)
Appendix A.8.2. Polynomial which makes Bn term terminated
Substitute γ = α + 1 + 2γi + i into (A.29): apply γ = α + 1 + 2γ0 into sub-power series y0(x),
apply γ = α + 1 + 2γ0 into the first summation and γ = α + 1 + 2γ1 + 1 into second summation
of sub-power series y1(x), apply γ = α + 1 + 2γ0 into the first summation, γ = α + 1 + 2γ1 + 1
into the second summation and γ = α+ 1 + 2γ2 + 2 into the third summation of sub-power series
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y2(x), etc.13
x−αy(ξ)
= x−αHl
(
a − 1
a
,
−q + α(δa + β − δ)
a
;α, α − γ + 1, δ, α − β + 1; x − 1
x
)
= x−α
 γ0∑
i0=0
(α2 )i0 (−γ0)i0
(1)i0 (
1
2 +
δ
2 )i0
zi0
+

γ0∑
i0=0
i0
(
i0 + Γ
(S )
0
)
+ Q
(i0 + 12 )(i0 +
δ
2 )
(α2 )i0 (−γ0)i0
(1)i0 (
1
2 +
δ
2 )i0
γ1∑
i1=i0
( 12 +
α
2 )i1 (−γ1)i1 ( 32 )i0 (1 + δ2 )i0
( 12 +
α
2 )i0 (−γ1)i0 ( 32 )i1 (1 + δ2 )i1
zi1
 η
+
∞∑
n=2

γ0∑
i0=0
i0
(
i0 + Γ
(S )
0
)
+ Q
(i0 + 12 )(i0 +
δ
2 )
(α2 )i0 (−γ0)i0
(1)i0 (
1
2 +
δ
2 )i0
×
n−1∏
k=1

γk∑
ik=ik−1
(ik + k2 )
(
ik + Γ
(S )
k
)
+ Q
(ik + k2 +
1
2 )(ik +
k
2 +
δ
2 )
( k2 +
α
2 )ik (−γk)ik (1 + k2 )ik−1 ( 12 + k2 + δ2 )ik−1
( k2 +
α
2 )ik−1 (−γk)ik−1 (1 + k2 )ik ( 12 + k2 + δ2 )ik

×
γn∑
in=in−1
( n2 +
α
2 )in (−γn)in (1 + n2 )in−1 ( 12 + n2 + δ2 )in−1
( n2 +
α
2 )in−1 (−γn)in−1 (1 + n2 )in ( 12 + n2 + δ2 )in
zin
 ηn
 (A.30)
where
γi ≤ γ j only if i ≤ j where i, j = 0, 1, 2, · · ·
and 
Γ
(S )
0 =
a
2(2a−1) (β − 2γ0 − 1 + a−1a (α − β + δ))
Γ
(S )
k =
a
2(2a−1) (β − 2γk − 1 + a−1a (α − β + δ + k))
Q = −q+α(δa+β−δ)4(2a−1)
For the minimum value of Heun equation for a polynomial which makes Bn term terminated
about ξ = 0, put γ0 = γ1 = γ2 = · · · = 0 in (A.30).
x−αy(ξ)
= x−αHl
(
a − 1
a
,
−q + α(δa + β − δ)
a
;α, α − γ + 1, δ, α − β + 1; x − 1
x
)
= x−α 2F1

Λ13 −
√
Λ213 − 4(a − 1)Ω13
2(a − 1) ,
Λ13 +
√
Λ213 − 4(a − 1)Ω13
2(a − 1) ; δ; ξ

where Λ13 = −α + β − δ + a(α + δ − 1) and Ω13 = −q + α(β + (a − 1)δ). It tells us that Heun
polynomials in which makes Bn term terminated, for fixed values of γ, require |ξ| < 1 for the
convergence of the radius.
13I treat α, β, δ and q as free variables and a fixed value of γ to construct the polynomial which makes Bn term
terminated.
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Appendix A.9.
( x − a
1 − a
)−α
Hl
(
a, q − (β − δ)α;α,−β + γ + δ, δ, γ; a(x − 1)
x − a
)
Appendix A.9.1. Infinite series
Replace coefficients q, β, γ, δ, x, c0 and λ by q − (β − δ)α, −β + γ + δ, δ, γ, a(x−1)x−a , 1 and zero
into (3.30). Multiply
(
x−a
1−a
)−α
and the new (3.30) together.( x − a
1 − a
)−α
y(ξ)
=
( x − a
1 − a
)−α
Hl
(
a, q − (β − δ)α;α,−β + γ + δ, δ, γ; a(x − 1)
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)
=
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0
)
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δ
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(α2 )i0 (
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(1)i0 (
1
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×
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k=1
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k
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k
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n
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 ηn
 (A.31)
where 
ξ = a(x−1)x−a
z = − 1aξ2
η = 1+aa ξ
and 
Γ
(I)
0 =
1
2(1+a) (α − β + δ + a(δ + γ − 1))
Γ
(I)
k =
1
2(1+a) (α − β + δ + k + a(δ + γ + k − 1))
Q = q−(β−δ)α4(1+a)
Appendix A.9.2. Polynomial which makes Bn term terminated
(1) The case of β = γ + δ + 2βi + i where i, βi = 0, 1, 2, · · · .
Substitute β = γ + δ + 2βi + i into (A.31): apply β = γ + δ + 2β0 into sub-power series y0(x),
apply β = γ + δ + 2β0 into the first summation and β = γ + δ + 2β1 + 1 into second summation
of sub-power series y1(x), apply β = γ + δ + 2β0 into the first summation, β = γ + δ + 2β1 + 1
into the second summation and β = γ + δ+ 2β2 + 2 into the third summation of sub-power series
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y2(x), etc.14( x − a
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)−α
Hl
(
a, q − (β − δ)α;α,−β + γ + δ, δ, γ; a(x − 1)
x − a
)
=
( x − a
1 − a
)−α  β0∑
i0=0
(α2 )i0 (−β0)i0
(1)i0 (
1
2 +
δ
2 )i0
zi0
+

β0∑
i0=0
i0
(
i0 + Γ
(S )
0
)
+ Q(S )0
(i0 + 12 )(i0 +
δ
2 )
(α2 )i0 (−β0)i0
(1)i0 (
1
2 +
δ
2 )i0
β1∑
i1=i0
( 12 +
α
2 )i1 (−β1)i1 ( 32 )i0 (1 + δ2 )i0
( 12 +
α
2 )i0 (−β1)i0 ( 32 )i1 (1 + δ2 )i1
zi1
 η
+
∞∑
n=2

β0∑
i0=0
i0
(
i0 + Γ
(S )
0
)
+ Q(S )0
(i0 + 12 )(i0 +
δ
2 )
(α2 )i0 (−β0)i0
(1)i0 (
1
2 +
δ
2 )i0
×
n−1∏
k=1

βk∑
ik=ik−1
(ik + k2 )
(
ik + Γ
(S )
k
)
+ Q(S )k
(ik + k2 +
1
2 )(ik +
k
2 +
δ
2 )
( k2 +
α
2 )ik (−βk)ik (1 + k2 )ik−1 ( 12 + k2 + δ2 )ik−1
( k2 +
α
2 )ik−1 (−βk)ik−1 (1 + k2 )ik ( 12 + k2 + δ2 )ik
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×
βn∑
in=in−1
( n2 +
α
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α
2 )in−1 (−βn)in−1 (1 + n2 )in ( 12 + n2 + δ2 )in
zin
 ηn
 (A.32)
where
βi ≤ β j only if i ≤ j where i, j = 0, 1, 2, · · ·
and 
Γ
(S )
0 =
1
2(1+a) (α − γ − 2β0 + a(δ + γ − 1))
Γ
(S )
k =
1
2(1+a) (α − γ − 2βk + a(δ + γ + k − 1))
Q(S )0 =
q−(γ+2β0)α
4(1+a)
Q(S )k =
q−(γ+2βk+k)α
4(1+a)
For the minimum value of Heun equation for a polynomial which makes Bn term terminated
about ξ = 0, put β0 = β1 = β2 = · · · = 0 in (A.32).( x − a
1 − a
)−α
y(ξ)
=
( x − a
1 − a
)−α
Hl
(
a, q − (β − δ)α;α,−β + γ + δ, δ, γ; a(x − 1)
x − a
)
=
( x − a
1 − a
)−α
2F1

Λ14 −
√
Λ214 − 4aΩ14
2a
,
Λ14 +
√
Λ214 − 4aΩ14
2a
; δ; ξ
 (A.33)
where Λ14 = −γ + a(γ + δ − 1) and Ω14 = q − αγ. It tells us that Heun polynomials in which
makes Bn term terminated, for fixed values of β, require |ξ| < 1 for the convergence of the radius.
14I treat α, γ, δ and q as free variables and a fixed value of β to construct the polynomial which makes Bn term
terminated.
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For the special case, if ξ = 1 and Re
(
1−a
a γ
)
> −1 in (A.33),( a
a − 1
)−α
y(1)
=
( a
a − 1
)−α
Hl (a, q − (β − δ)α;α,−β + γ + δ, δ, γ; 1)
=
( a
a − 1
)−α Γ (δ) Γ (1 + 1−aa γ)
Γ
(
δ − Λ14−
√
Λ214−4aΩ14
2a
)
Γ
(
δ − Λ14+
√
Λ214−4aΩ14
2a
)
(2) The case of γ = β − δ − 2γi − i where i, γi = 0, 1, 2, · · · .
Substitute γ = β − δ − 2γi − i into (A.31): apply γ = β − δ − 2γ0 into sub-power series y0(x),
apply γ = β − δ − 2γ0 into the first summation and γ = β − δ − 2γ1 − 1 into second summation
of sub-power series y1(x), apply γ = β − δ − 2γ0 into the first summation, γ = β − δ − 2γ1 − 1
into the second summation and γ = β− δ− 2γ2 − 2 into the third summation of sub-power series
y2(x), etc. 15( x − a
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α
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 ηn
 (A.34)
where
γi ≤ γ j only if i ≤ j where i, j = 0, 1, 2, · · ·
and 
Γ
(S )
0 =
1
2(1+a) (α − β + δ + a(β − 2γ0 − 1))
Γ
(S )
k =
1
2(1+a) (α − β + δ + k + a(β − 2γk − 1))
Q = q−(β−δ)α4(1+a)
15I treat α, β, δ and q as free variables and a fixed value of γ to construct the polynomial which makes Bn term
terminated.
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For the minimum value of Heun equation for a polynomial which makes Bn term terminated
about ξ = 0, put γ0 = γ1 = γ2 = · · · = 0 in (A.34).( x − a
1 − a
)−α
y(ξ)
=
( x − a
1 − a
)−α
Hl
(
a, q − (β − δ)α;α,−β + γ + δ, δ, γ; a(x − 1)
x − a
)
=
( x − a
1 − a
)−α
2F1

Λ15 −
√
Λ215 − 4Ω15
2
,
Λ15 +
√
Λ215 − 4Ω15
2
; δ;
ξ
a

where Λ15 = α − β + δ + a(β − 1) and Ω15 = q − α(β − δ). It tells us that Heun polynomials in
which makes Bn term terminated, for fixed values of γ, require
∣∣∣ ξa ∣∣∣ < 1 for the convergence of the
radius.
Appendix B. Asymptotic behaviors of 192 Heun functions
Appendix B.1. (1 − x)1−δHl(a, q − (δ − 1)γa;α − δ + 1, β − δ + 1, γ, 2 − δ; x)
and x1−γ(1 − x)1−δHl(a, q − (γ + δ − 2)a − (γ − 1)(α + β − γ − δ + 1);α − γ − δ + 2
, β − γ − δ + 2, 2 − γ, 2 − δ; x)
The asymptotic behaviors of Hl(a, q− (δ− 1)γa;α− δ+ 1, β− δ+ 1, γ, 2− δ; x) and Hl(a, q−
(γ + δ − 2)a − (γ − 1)(α + β − γ − δ + 1);α − γ − δ + 2, β − γ − δ + 2, 2 − γ, 2 − δ; x) and those
boundary conditions of the independent variable x are same as in Subs. 2.2: see (2.18), (2.19)
and (2.20) and Table 2.
Appendix B.2. Hl(1 − a,−q + αβ;α, β, δ, γ; 1 − x)
and (1 − x)1−δHl(1 − a,−q + (δ − 1)γa + (α − δ + 1)(β − δ + 1);α − δ + 1, β − δ + 1
, 2 − δ, γ; 1 − x)
Replace a coefficient a, y(x) and independent variable x by 1−a, Hl(1−a,−q+αβ;α, β, δ, γ; 1−
x) and 1− x in (2.18), (2.19). Repeat same process for the case of Hl(1− a,−q + (δ− 1)γa + (α−
δ + 1)(β − δ + 1);α − δ + 1, β − δ + 1, 2 − δ, γ; 1 − x).
For an infinite series,
lim
n1 Hl(1 − a,−q + αβ;α, β, δ, γ; 1 − x)
lim
n1 Hl(1 − a,−q + (δ − 1)γa + (α − δ + 1)(β − δ + 1);α − δ + 1, β − δ + 1, 2 − δ, γ; 1 − x)
 = 11 − ( −11−a (1 − x)2 + 2−a1−a (1 − x))
(B.1)
The condition of convergence of (B.1) is∣∣∣∣∣ −11 − a (1 − x)2
∣∣∣∣∣ + ∣∣∣∣∣2 − a1 − a (1 − x)
∣∣∣∣∣ < 1 where a , 1
For a = 2, (B.1) turns to be
lim
n1 Hl(1 − a,−q + αβ;α, β, δ, γ; 1 − x)
lim
n1 Hl(1 − a,−q + (δ − 1)γa + (α − δ + 1)(β − δ + 1);α − δ + 1, β − δ + 1, 2 − δ, γ; 1 − x)
 = 11 − (1 − x)2 (B.2)
The condition of convergence of (B.2) is ∣∣∣(1 − x)2∣∣∣ < 1
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For |a|  1, (B.1) turns to be
lim
n1 Hl(1 − a,−q + αβ;α, β, δ, γ; 1 − x)
lim
n1 Hl(1 − a,−q + (δ − 1)γa + (α − δ + 1)(β − δ + 1);α − δ + 1, β − δ + 1, 2 − δ, γ; 1 − x)
 ≈ 11 − (1 − x) (B.3)
The condition of convergence of (B.3) is
|1 − x| < 1
Appendix B.3. x−αHl
(
1
a
,
q + α[(α − γ − δ + 1)a − β + δ]
a
;α, α − γ + 1, α − β + 1, δ; 1
x
)
Replace coefficient a, y(x) and independent variable x by 1a , Hl
(
1
a ,
q+α[(α−γ−δ+1)a−β+δ]
a ;α, α − γ + 1, α − β + 1, δ; 1x
)
and 1x in (2.18) and (2.19).
For an infinite series,
lim
n1
Hl
(
1
a
,
q + α[(α − γ − δ + 1)a − β + δ]
a
;α, α − γ + 1, α − β + 1, δ; 1
x
)
=
1
1 − (−ax−2 + (1 + a)x−1)
(B.4)
The condition of convergence of (B.4) is∣∣∣ax−2∣∣∣ + ∣∣∣(1 + a)x−1∣∣∣ < 1
For a = −1, (B.4) turns to be
lim
n1
Hl
(
1
a
,
q + α[(α − γ − δ + 1)a − β + δ]
a
;α, α − γ + 1, α − β + 1, δ; 1
x
)
=
1
1 − x−2 (B.5)
The condition of convergence of (B.5) is ∣∣∣x−2∣∣∣ < 1
For a = 0, (B.4) turns to be
lim
n1
Hl
(
1
a
,
q + α[(α − γ − δ + 1)a − β + δ]
a
;α, α − γ + 1, α − β + 1, δ; 1
x
)
=
1
1 − x−1 (B.6)
The condition of convergence of (B.6) is ∣∣∣x−1∣∣∣ < 1
Appendix B.4.
(
1 − x
a
)−β
Hl
(
1 − a,−q + γβ;−α + γ + δ, β, γ, δ; (1 − a)x
x − a
)
and (1 − x)1−δ
(
1 − x
a
)−β+δ−1
Hl
(
1 − a,−q + γ[(δ − 1)a + β − δ + 1];−α + γ + 1, β − δ + 1, γ, 2 − δ; (1 − a)x
x − a
)
Replace coefficient a, y(x) and independent variable x by 1−a, Hl
(
1 − a,−q + γβ;−α + γ + δ, β, γ, δ; (1−a)xx−a
)
and
(1 − a)x
x − a in (2.18) and (2.19).
Repeat same process for the case of Hl
(
1 − a,−q + γ[(δ − 1)a + β − δ + 1];−α + γ + 1, β − δ + 1, γ, 2 − δ; (1−a)xx−a
)
.
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For an infinite series,
lim
n1 Hl
(
1 − a,−q + γβ;−α + γ + δ, β, γ, δ; (1 − a)x
x − a
)
lim
n1 Hl
(
1 − a,−q + γ[(δ − 1)a + β − δ + 1];−α + γ + 1, β − δ + 1, γ, 2 − δ; (1 − a)x
x − a
)
 =
1
1 −
(
− (1−a)x2
(x−a)2 +
(2−a)x
(x−a)
)
(B.7)
The condition of convergence of (B.7) is∣∣∣∣∣∣− (1 − a)x2(x − a)2
∣∣∣∣∣∣ +
∣∣∣∣∣ (2 − a)x(x − a)
∣∣∣∣∣ < 1 where x , a
For a = 2, (B.7) turns to be
lim
n1 Hl
(
1 − a,−q + γβ;−α + γ + δ, β, γ, δ; (1 − a)x
x − a
)
lim
n1 Hl
(
1 − a,−q + γ[(δ − 1)a + β − δ + 1];−α + γ + 1, β − δ + 1, γ, 2 − δ; (1 − a)x
x − a
)
 =
1
1 − x2
(x−2)2
(B.8)
The condition of convergence of (B.8) is ∣∣∣∣∣∣ x2(x − 2)2
∣∣∣∣∣∣ < 1
For a = 1, (B.7) turns to be
lim
n1 Hl
(
1 − a,−q + γβ;−α + γ + δ, β, γ, δ; (1 − a)x
x − a
)
lim
n1 Hl
(
1 − a,−q + γ[(δ − 1)a + β − δ + 1];−α + γ + 1, β − δ + 1, γ, 2 − δ; (1 − a)x
x − a
)
 =
1
1 − xx−1
(B.9)
The condition of convergence of (B.9) is ∣∣∣∣∣ xx − 1
∣∣∣∣∣ < 1
For |a|  1, (B.7) turns to be
lim
n1 Hl
(
1 − a,−q + γβ;−α + γ + δ, β, γ, δ; (1 − a)x
x − a
)
lim
n1 Hl
(
1 − a,−q + γ[(δ − 1)a + β − δ + 1];−α + γ + 1, β − δ + 1, γ, 2 − δ; (1 − a)x
x − a
)
 ≈
1
1 − x (B.10)
The condition of convergence of (B.10) is
|x| < 1
Appendix B.5. x−αHl
(
a − 1
a
,
−q + α(δa + β − δ)
a
;α, α − γ + 1, δ, α − β + 1; x − 1
x
)
Replace coefficient a, y(x) and independent variable x by a−1a , Hl
(
a−1
a ,
−q+α(δa+β−δ)
a ;α, α − γ + 1, δ, α − β + 1; x−1x
)
and x−1x in (2.18) and (2.19).
For an infinite series,
lim
n1
Hl
(
a − 1
a
,
−q + α(δa + β − δ)
a
;α, α − γ + 1, δ, α − β + 1; x − 1
x
)
=
1
1 −
(
a
(1−a)
(x−1)2
x2 +
(1−2a)
(1−a)
(x−1)
x
)
(B.11)
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The condition of convergence of (B.11) is∣∣∣∣∣∣ a(1 − a) (x − 1)2x2
∣∣∣∣∣∣ +
∣∣∣∣∣ (1 − 2a)(1 − a) (x − 1)x
∣∣∣∣∣ < 1 where a , 1
For a = 1/2, (B.11) turns to be
lim
n1
Hl
(
a − 1
a
,
−q + α(δa + β − δ)
a
;α, α − γ + 1, δ, α − β + 1; x − 1
x
)
=
1
1 − (x−1)2x2
(B.12)
The condition of convergence of (B.12) is∣∣∣∣∣∣ (x − 1)2x2
∣∣∣∣∣∣ < 1
For a = 0, (B.11) turns to be
lim
n1
Hl
(
a − 1
a
,
−q + α(δa + β − δ)
a
;α, α − γ + 1, δ, α − β + 1; x − 1
x
)
=
1
1 − x−1x
(B.13)
The condition of convergence of (B.13) is ∣∣∣∣∣ x − 1x
∣∣∣∣∣ < 1
For |a|  1, (B.11) turns to be
lim
n1
Hl
(
a − 1
a
,
−q + α(δa + β − δ)
a
;α, α − γ + 1, δ, α − β + 1; x − 1
x
)
≈ 1
1 −
(
− (x−1)2x2 + 2(x−1)x
)
(B.14)
The condition of convergence of (B.14) is∣∣∣∣∣∣ (x − 1)2x2
∣∣∣∣∣∣ +
∣∣∣∣∣2(x − 1)x
∣∣∣∣∣ < 1
Appendix B.6.
( x − a
1 − a
)−α
Hl
(
a, q − (β − δ)α;α,−β + γ + δ, δ, γ; a(x − 1)
x − a
)
Replace coefficient y(x) and independent variable x by Hl
(
a, q − (β − δ)α;α,−β + γ + δ, δ, γ; a(x−1)x−a
)
and a(x−1)x−a in (2.18) and (2.19).
For an infinite series,
lim
n1
Hl
(
a, q − (β − δ)α;α,−β + γ + δ, δ, γ; a(x − 1)
x − a
)
=
1
1 −
(
− a(x−1)2(x−a)2 + (1+a)(x−1)(x−a)
) (B.15)
The condition of convergence of (B.15) is∣∣∣∣∣∣a(x − 1)2(x − a)2
∣∣∣∣∣∣ +
∣∣∣∣∣ (1 + a)(x − 1)(x − a)
∣∣∣∣∣ < 1 where x , a
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For a = −1, (B.15) turns to be
lim
n1
Hl
(
a, q − (β − δ)α;α,−β + γ + δ, δ, γ; a(x − 1)
x − a
)
=
1
1 − (x−1)2(x+1)2
(B.16)
The condition of convergence of (B.16) is∣∣∣∣∣∣ (x − 1)2(x + 1)2
∣∣∣∣∣∣ < 1
For a = 0, (B.15) turns to be
lim
n1
Hl
(
a, q − (β − δ)α;α,−β + γ + δ, δ, γ; a(x − 1)
x − a
)
=
1
1 − x−1x
(B.17)
The condition of convergence of (B.17) is ∣∣∣∣∣ x − 1x
∣∣∣∣∣ < 1
For |a|  1, (B.15) turns to be
lim
n1
Hl
(
a, q − (β − δ)α;α,−β + γ + δ, δ, γ; a(x − 1)
x − a
)
≈ 1
1 − (1 − x) (B.18)
The condition of convergence of (B.18) is
|1 − x| < 1
Appendix C. Integral formalism of 192 Heun functions
Appendix C.1. (1 − x)1−δHl(a, q − (δ − 1)γa;α − δ + 1, β − δ + 1, γ, 2 − δ; x)
Appendix C.1.1. Polynomial which makes Bn term terminated
(1) The case of α = −2αi − i + δ − 1 and β , −2βi − i + δ − 1 where i, αi, βi = 0, 1, 2, · · · .
Replace coefficients q, α, β, δ, c0 and λ by q − (δ − 1)γa, α − δ + 1, β − δ + 1, 2 − δ, 1 and
zero into (3.8). Multiply (1 − x)1−δ and the new (3.8) together.
(1 − x)1−δy(x)
= (1 − x)1−δHl(a, q − (δ − 1)γa;α − δ + 1, β − δ + 1, γ, 2 − δ; x)
= (1 − x)1−δ
{
2F1
(
−α0, β − δ + 12 ;
1
2
+
γ
2
; z
)
+
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
1
2 (n−k−2)
n−k
∫ 1
0
dun−k u
1
2 (n−k−3+γ)
n−k
× 1
2pii
∮
dvn−k
1
vn−k
(
1 − 1
vn−k
)αn−k (
1 −←→w n−k+1,nvn−k(1 − tn−k)(1 − un−k)
)− 12 (n−k+1+β−δ)
×
(←→w − 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n)←→w 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n + Ω(S )n−k−1) + Q) }
× 2F1
(
−α0, β − δ + 12 ;
1
2
+
γ
2
;←→w 1,n
) }
ηn
}
(C.1)
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where 
z = − 1a x2
η = (1+a)a x
αi ≤ α j only if i ≤ j where i, j = 0, 1, 2, · · ·
and Ω(S )n−k−1 = 12(1+a) (−2αn−k−1 + β − 1 + a(γ − δ + n − k))Q = q−(δ−1)γa4(1+a)
(2) The case of α = −2αi − i + δ − 1 and β = −2βi − i + δ − 1 only if αi ≤ βi.
Put β = −2βi − i + δ − 1 where i = 0, 1, 2, · · · in (C.1).
(1 − x)1−δy(x)
= (1 − x)1−δHl(a, q − (δ − 1)γa;α − δ + 1, β − δ + 1, γ, 2 − δ; x)
= (1 − x)1−δ
{
2F1
(
−α0,−β0; 12 +
γ
2
; z
)
+
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
1
2 (n−k−2)
n−k
∫ 1
0
dun−k u
1
2 (n−k−3+γ)
n−k
× 1
2pii
∮
dvn−k
1
vn−k
(
1 − 1
vn−k
)αn−k (
1 −←→w n−k+1,nvn−k(1 − tn−k)(1 − un−k)
)βn−k
×
(←→w − 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n)←→w 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n + Ω(B)n−k−1) + Q) }
× 2F1
(
−α0,−β0; 12 +
γ
2
;←→w 1,n
) }
ηn
}
(C.2)
where Ω(B)n−k−1 = 12(1+a) (−2αn−k−1 − 2βn−k−1 − n + k − 1 + δ + a(γ − δ + n − k))Q = q−(δ−1)γa4(1+a)
Appendix C.1.2. Infinite series
Replace coefficients q, α, β, δ, c0 and λ by q − (δ − 1)γa, α − δ + 1, β − δ + 1, 2 − δ, 1 and
zero into (3.31). Multiply (1 − x)1−δ and the new (3.31) together.
(1 − x)1−δy(x)
= (1 − x)1−δHl (a, q − (δ − 1)γa;α − δ + 1, β − δ + 1, γ, 2 − δ; x)
= (1 − x)1−δ
{
2F1
(
α − δ + 1
2
,
β − δ + 1
2
;
1
2
+
γ
2
; z
)
+
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
1
2 (n−k−2)
n−k
∫ 1
0
dun−k u
1
2 (n−k−3+γ)
n−k
× 1
2pii
∮
dvn−k
1
vn−k
(
1 − 1
vn−k
)− 12 (n−k+1+α−δ) (
1 −←→w n−k+1,nvn−k(1 − tn−k)(1 − un−k)
)− 12 (n−k+1+β−δ)
×
(←→w − 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n)←→w 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n + Ω(I)n−k−1) + Q) }
× 2F1
(
α − δ + 1
2
,
β − δ + 1
2
;
1
2
+
γ
2
;←→w 1,n
) }
ηn
}
(C.3)
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where Ω(I)n−k−1 = 12(1+a) (α + β − δ + n − k − 1 + a(γ − δ + n − k))Q = q−(δ−1)γa4(1+a)
Appendix C.2. x1−γ(1 − x)1−δHl(a, q − (γ + δ − 2)a − (γ − 1)(α + β − γ − δ + 1);α − γ − δ + 2
, β − γ − δ + 2, 2 − γ, 2 − δ; x)
Appendix C.2.1. Polynomial which makes Bn term terminated
Replace coefficients q, α, β, γ, δ, c0 and λ by q − (γ + δ − 2)a − (γ − 1)(α + β − γ − δ + 1),
α− γ− δ+ 2, β− γ− δ+ 2, 2− γ, 2− δ,1 and zero into (3.8). Multiply x1−γ(1− x)1−δ and the new
(3.8) together.
(1) The case of α = −2αi − i − 2 + γ + δ and β , −2βi − i − 2 + γ + δ where i, αi, βi = 0, 1, 2, · · · .
x1−γ(1 − x)1−δy(x)
= x1−γ(1 − x)1−δHl(a, q − (γ + δ − 2)a − (γ − 1)(α + β − γ − δ + 1);α − γ − δ + 2
, β − γ − δ + 2, 2 − γ, 2 − δ; x)
= x1−γ(1 − x)1−δ
{
2F1
(
−α0, β − γ − δ + 22 ;
3 − γ
2
; z
)
+
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
1
2 (n−k−2)
n−k
∫ 1
0
dun−k u
1
2 (n−k−1−γ)
n−k
× 1
2pii
∮
dvn−k
1
vn−k
(
1 − 1
vn−k
)αn−k (
1 −←→w n−k+1,nvn−k(1 − tn−k)(1 − un−k)
)− 12 (n−k+2+β−γ−δ)
×
(←→w − 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n)←→w 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n + Ω(S )n−k−1) + Q(S )n−k−1) }
× 2F1
(
−α0, β − γ − δ + 22 ;
3 − γ
2
;←→w 1,n
) }
ηn
}
(C.4)
where 
z = − 1a x2
η = (1+a)a x
αi ≤ α j only if i ≤ j where i, j = 0, 1, 2, · · ·
and Ω(S )n−k−1 = 12(1+a) (−2αn−k−1 + β − γ + a(−δ − γ + n − k + 2))Q(S )n−k−1 = q−(γ+δ−2)a−(γ−1)(−2αn−k−1+β−n+k)4(1+a)
(2) The case of α = −2αi − i − 2 + γ + δ and β = −2βi − i − 2 + γ + δ only if αi ≤ βi.
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Put β = −2βi − i − 2 + γ + δ where i = 0, 1, 2, · · · in (C.4).
x1−γ(1 − x)1−δy(x)
= x1−γ(1 − x)1−δHl(a, q − (γ + δ − 2)a − (γ − 1)(α + β − γ − δ + 1);α − γ − δ + 2
, β − γ − δ + 2, 2 − γ, 2 − δ; x)
= x1−γ(1 − x)1−δ
{
2F1
(
−α0,−β0; 3 − γ2 ; z
)
+
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
1
2 (n−k−2)
n−k
∫ 1
0
dun−k u
1
2 (n−k−1−γ)
n−k
× 1
2pii
∮
dvn−k
1
vn−k
(
1 − 1
vn−k
)αn−k (
1 −←→w n−k+1,nvn−k(1 − tn−k)(1 − un−k)
)βn−k
×
(←→w − 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n)←→w 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n + Ω(B)n−k−1) + Q(B)n−k−1) }
× 2F1
(
−α0,−β0; 3 − γ2 ;
←→w 1,n
) }
ηn
}
(C.5)
where Ω(B)n−k−1 = 12(1+a) (−2αn−k−1 − 2βn−k−1 − n + k − 1 + δ + a(−δ − γ + n − k + 2))Q(B)n−k−1 = q−(γ+δ−2)a−(γ−1)(−2αn−k−1−2βn−k−1−2n+2k−1+γ+δ)4(1+a)
Appendix C.2.2. Infinite series
Replace coefficients q, α, β, γ, δ, c0 and λ by q − (γ + δ − 2)a − (γ − 1)(α + β − γ − δ + 1),
α − γ − δ + 2, β − γ − δ + 2, 2 − γ, 2 − δ,1 and zero into (3.31). Multiply x1−γ(1 − x)1−δ and the
new (3.31) together.
x1−γ(1 − x)1−δy(x)
= x1−γ(1 − x)1−δHl(a, q − (γ + δ − 2)a − (γ − 1)(α + β − γ − δ + 1);α − γ − δ + 2
, β − γ − δ + 2, 2 − γ, 2 − δ; x)
= x1−γ(1 − x)1−δ
{
2F1
(
α − γ − δ + 2
2
,
β − γ − δ + 2
2
;
3 − γ
2
; z
)
+
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
1
2 (n−k−2)
n−k
∫ 1
0
dun−k u
1
2 (n−k−1−γ)
n−k
× 1
2pii
∮
dvn−k
1
vn−k
(
1 − 1
vn−k
)− 12 (n−k+2+α−γ−δ) (
1 −←→w n−k+1,nvn−k(1 − tn−k)(1 − un−k)
)− 12 (n−k+2+β−γ−δ)
×
(←→w − 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n)←→w 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n + Ω(I)n−k−1) + Q) }
× 2F1
(
α − γ − δ + 2
2
,
β − γ − δ + 2
2
;
3 − γ
2
;←→w 1,n
) }
ηn
}
(C.6)
where Ω(I)n−k−1 = 12(1+a) (α + β − 2γ − δ + n − k + 1 + a(−δ − γ + n − k + 2))Q = q−(γ+δ−2)a−(γ−1)(α+β−γ−δ+1)4(1+a)
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Appendix C.3. Hl(1 − a,−q + αβ;α, β, δ, γ; 1 − x)
Appendix C.3.1. Polynomial which makes Bn term terminated
Replace coefficients a, q, γ, δ, x, c0 and λ by 1− a, −q +αβ, δ, γ, 1− x, 1 and zero into (3.8).
(1) The case of α = −2αi − i and β , −2βi − i where i, αi, βi = 0, 1, 2, · · · .
y(ξ) = Hl(1 − a,−q + αβ;α, β, δ, γ; 1 − x)
= 2F1
(
−α0, β2 ;
1
2
+
δ
2
; z
)
+
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
1
2 (n−k−2)
n−k
∫ 1
0
dun−k u
1
2 (n−k−3+δ)
n−k
× 1
2pii
∮
dvn−k
1
vn−k
(
1 − 1
vn−k
)αn−k (
1 −←→w n−k+1,nvn−k(1 − tn−k)(1 − un−k)
)− 12 (n−k+β)
×
(←→w − 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n)←→w 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n + Ω(S )n−k−1) + Q(S )n−k−1) }
× 2F1
(
−α0, β2 ;
1
2
+
δ
2
;←→w 1,n
) }
ηn (C.7)
where 
ξ = 1 − x
z = −11−aξ
2
η = 2−a1−aξ
αi ≤ α j only if i ≤ j where i, j = 0, 1, 2, · · ·
and Ω(S )n−k−1 = 12(2−a) (−2αn−k−1 + β − γ + (1 − a)(δ + γ + n − k − 2))Q(S )n−k−1 = −q−(2αn−k−1+n−k−1)β4(2−a)
(2) The case of α = −2αi − i and β = −2βi − i only if αi ≤ βi.
Put β = −2βi − i where i = 0, 1, 2, · · · in (C.7).
y(ξ) = Hl(1 − a,−q + αβ;α, β, δ, γ; 1 − x)
= 2F1
(
−α0,−β0; 12 +
δ
2
; z
)
+
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
1
2 (n−k−2)
n−k
∫ 1
0
dun−k u
1
2 (n−k−3+δ)
n−k
× 1
2pii
∮
dvn−k
1
vn−k
(
1 − 1
vn−k
)αn−k (
1 −←→w n−k+1,nvn−k(1 − tn−k)(1 − un−k)
)βn−k
×
(←→w − 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n)←→w 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n + Ω(B)n−k−1) + Q(B)n−k−1) }
× 2F1
(
−α0,−β0; 12 +
δ
2
;←→w 1,n
) }
ηn (C.8)
whereΩ(B)n−k−1 = 12(2−a) (−2αn−k−1 − 2βn−k−1 − γ − n + k + 1 + (1 − a)(δ + γ + n − k − 2))Q(B)n−k−1 = −q+(2αn−k−1+n−k−1)(2βn−k−1+n−k−1)4(2−a)
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Appendix C.3.2. Infinite series
Replace coefficients a, q, γ, δ, x, c0 and λ by 1− a, −q +αβ, δ, γ, 1− x,1 and zero into (3.31).
y(ξ) = Hl(1 − a,−q + αβ;α, β, δ, γ; 1 − x)
= 2F1
(
α
2
,
β
2
;
1
2
+
δ
2
; z
)
+
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
1
2 (n−k−2)
n−k
∫ 1
0
dun−k u
1
2 (n−k−3+δ)
n−k
× 1
2pii
∮
dvn−k
1
vn−k
(
1 − 1
vn−k
)− 12 (n−k+α) (
1 −←→w n−k+1,nvn−k(1 − tn−k)(1 − un−k)
)− 12 (n−k+β)
×
(←→w − 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n)←→w 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n + Ω(I)n−k−1) + Q) }
× 2F1
(
α
2
,
β
2
;
1
2
+
δ
2
;←→w 1,n
) }
ηn (C.9)
where Ω(I)n−k−1 = 12(2−a) (α + β − γ + n − k − 1 + (1 − a)(δ + γ + n − k − 2))Q = −q+αβ4(2−a)
Appendix C.4. (1 − x)1−δHl(1 − a,−q + (δ − 1)γa + (α − δ + 1)(β − δ + 1);α − δ + 1, β − δ + 1, 2 − δ, γ; 1 − x)
Appendix C.4.1. Polynomial which makes Bn term terminated
(1) The case of α = −2αi − i + δ − 1 and β , −2βi − i + δ − 1 where i, αi, βi = 0, 1, 2, · · · .
Replace coefficients a, q, α, β, γ, δ, x, c0 and λ by 1−a, −q+ (δ−1)γa+ (α−δ+1)(β−δ+1),
α − δ + 1, β − δ + 1, 2 − δ, γ, 1 − x, 1 and zero into (3.8). Multiply (1 − x)1−δ and the new (3.8)
together.
(1 − x)1−δy(ξ)
= (1 − x)1−δHl(1 − a,−q + (δ − 1)γa + (α − δ + 1)(β − δ + 1);α − δ + 1, β − δ + 1, 2 − δ, γ; 1 − x)
= (1 − x)1−δ
{
2F1
(
−α0, β − δ + 12 ;
3 − δ
2
; z
)
+
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
1
2 (n−k−2)
n−k
∫ 1
0
dun−k u
1
2 (n−k−1−δ)
n−k
× 1
2pii
∮
dvn−k
1
vn−k
(
1 − 1
vn−k
)αn−k (
1 −←→w n−k+1,nvn−k(1 − tn−k)(1 − un−k)
)− 12 (n−k+1+β−δ)
×
(←→w − 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n)←→w 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n + Ω(S )n−k−1) + Q(S )n−k−1) }
× 2F1
(
−α0, β − δ + 12 ;
3 − δ
2
;←→w 1,n
) }
ηn
}
(C.10)
where 
ξ = 1 − x
z = −11−aξ
2
η = 2−a1−aξ
αi ≤ α j only if i ≤ j where i, j = 0, 1, 2, · · ·
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and Ω(S )n−k−1 = 12(2−a) (−2αn−k−1 + β − γ − δ + 1 + (1 − a)(γ − δ + n − k))Q(S )n−k−1 = −q+(δ−1)γa−(2αn−k−1+n−k−1)(β−δ+1)4(2−a)
(2) The case of α = −2αi − i + δ − 1 and β = −2βi − i + δ − 1 only if αi ≤ βi.
Put β = −2βi − i + δ − 1 where i = 0, 1, 2, · · · in (C.10).
(1 − x)1−δy(ξ)
= (1 − x)1−δHl(1 − a,−q + (δ − 1)γa + (α − δ + 1)(β − δ + 1);α − δ + 1, β − δ + 1, 2 − δ, γ; 1 − x)
= (1 − x)1−δ
{
2F1
(
−α0,−β0; 3 − δ2 ; z
)
+
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
1
2 (n−k−2)
n−k
∫ 1
0
dun−k u
1
2 (n−k−1−δ)
n−k
× 1
2pii
∮
dvn−k
1
vn−k
(
1 − 1
vn−k
)αn−k (
1 −←→w n−k+1,nvn−k(1 − tn−k)(1 − un−k)
)βn−k
×
(←→w − 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n)←→w 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n + Ω(B)n−k−1) + Q(B)n−k−1) }
× 2F1
(
−α0,−β0; 3 − δ2 ;
←→w 1,n
) }
ηn
}
(C.11)
where Ω(B)n−k−1 = 12(2−a) (−2αn−k−1 − 2βn−k−1 − γ − n + k + 1 + (1 − a)(γ − δ + n − k))Q(B)n−k−1 = −q+(δ−1)γa+(2αn−k−1+n−k−1)(2βn−k−1+n−k−1)4(2−a)
Appendix C.4.2. Infinite series
Replace coefficients a, q, α, β, γ, δ, x, c0 and λ by 1−a, −q+ (δ−1)γa+ (α−δ+1)(β−δ+1),
α− δ+ 1, β− δ+ 1, 2− δ, γ, 1− x, 1 and zero into (3.31). Multiply (1− x)1−δ and the new (3.31)
together.
(1 − x)1−δy(ξ)
= (1 − x)1−δHl(1 − a,−q + (δ − 1)γa + (α − δ + 1)(β − δ + 1);α − δ + 1, β − δ + 1, 2 − δ, γ; 1 − x)
= (1 − x)1−δ
{
2F1
(
α − δ + 1
2
,
β − δ + 1
2
;
3 − δ
2
; z
)
+
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
1
2 (n−k−2)
n−k
∫ 1
0
dun−k u
1
2 (n−k−1−δ)
n−k
× 1
2pii
∮
dvn−k
1
vn−k
(
1 − 1
vn−k
)− 12 (n−k+1+α−δ) (
1 −←→w n−k+1,nvn−k(1 − tn−k)(1 − un−k)
)− 12 (n−k+1+β−δ)
×
(←→w − 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n)←→w 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n + Ω(I)n−k−1) + Q) }
× 2F1
(
α − δ + 1
2
,
β − δ + 1
2
;
3 − δ
2
;←→w 1,n
) }
ηn
}
(C.12)
where Ω(I)n−k−1 = 12(2−a) (α + β − γ − 2δ + n − k + 1 + (1 − a)(γ − δ + n − k))Q = −q+(δ−1)γa+(α−δ+1)(β−δ+1)4(2−a)
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Appendix C.5. x−αHl
(
1
a
,
q + α[(α − γ − δ + 1)a − β + δ]
a
;α, α − γ + 1, α − β + 1, δ; 1
x
)
Appendix C.5.1. Infinite series
Replace coefficients a, q, β, γ, x, c0 and λ by 1a ,
q+α[(α−γ−δ+1)a−β+δ]
a , α − γ + 1, α − β + 1, 1x , 1
and zero into (3.31). Multiply x−α and the new (3.31) together.
x−αy(ξ)
= x−αHl
(
1
a
,
q + α[(α − γ − δ + 1)a − β + δ]
a
;α, α − γ + 1, α − β + 1, δ; 1
x
)
= x−α
{
2F1
(
α
2
,
α − γ + 1
2
;
α − β + 2
2
; z
)
+
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
1
2 (n−k−2)
n−k
∫ 1
0
dun−k u
1
2 (n−k−2+α−β)
n−k
× 1
2pii
∮
dvn−k
1
vn−k
(
1 − 1
vn−k
)− 12 (n−k+α) (
1 −←→w n−k+1,nvn−k(1 − tn−k)(1 − un−k)
)− 12 (n−k+1+α−γ)
×
(←→w − 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n)←→w 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n + Ω(I)n−k−1) + Q) }
× 2F1
(
α
2
,
α − γ + 1
2
;
α − β + 2
2
;←→w 1,n
) }
ηn
}
(C.13)
where 
ξ = 1x
z = −aξ2
η = (1 + a)ξ
and Ω(I)n−k−1 = a2(1+a) (2α − γ − δ + n − k + 1a (α − β + δ + n − k − 1))Q = q+α[(α−γ−δ+1)a−β+δ]4(1+a)
Appendix C.5.2. Polynomial which makes Bn term terminated
Substitute γ = α + 2γi + i + 1 into (C.13) where i, γi = 0, 1, 2, · · · .
x−αy(ξ)
= x−αHl
(
1
a
,
q + α[(α − γ − δ + 1)a − β + δ]
a
;α, α − γ + 1, α − β + 1, δ; 1
x
)
= x−α
{
2F1
(
α
2
,−γ0; α − β + 22 ; z
)
+
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
1
2 (n−k−2)
n−k
∫ 1
0
dun−k u
1
2 (n−k−2+α−β)
n−k
× 1
2pii
∮
dvn−k
1
vn−k
(
1 − 1
vn−k
)− 12 (n−k+α) (
1 −←→w n−k+1,nvn−k(1 − tn−k)(1 − un−k)
)γn−k
×
(←→w − 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n)←→w 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n + Ω(S )n−k−1) + Q(S )n−k−1) }
× 2F1
(
α
2
,−γ0; α − β + 22 ;
←→w 1,n
) }
ηn
}
(C.14)
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where
γi ≤ γ j only if i ≤ j where i, j = 0, 1, 2, · · ·
and Ω(S )n−k−1 = a2(1+a) (−2γn−k−1 + α − δ + 1a (α − β + δ + n − k − 1))Q(S )n−k−1 = q+α[(−2γn−k−1−δ−n+k+1)a−β+δ]4(1+a)
Appendix C.6.
(
1 − x
a
)−β
Hl
(
1 − a,−q + γβ;−α + γ + δ, β, γ, δ; (1 − a)x
x − a
)
Appendix C.6.1. Infinite series
Replace coefficients a, q, α, x, c0 and λ by 1 − a, −q + γβ, −α + γ + δ, (1−a)xx−a , 1 and zero into
(3.31). Multiply
(
1 − xa
)−β
and the new (3.31) together.(
1 − x
a
)−β
y(ξ)
=
(
1 − x
a
)−β
Hl
(
1 − a,−q + γβ;−α + γ + δ, β, γ, δ; (1 − a)x
x − a
)
=
(
1 − x
a
)−β {
2F1
(−α + γ + δ
2
,
β
2
;
1
2
+
γ
2
; z
)
+
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
1
2 (n−k−2)
n−k
∫ 1
0
dun−k u
1
2 (n−k−3+γ)
n−k
× 1
2pii
∮
dvn−k
1
vn−k
(
1 − 1
vn−k
)− 12 (n−k−α+γ+δ) (
1 −←→w n−k+1,nvn−k(1 − tn−k)(1 − un−k)
)− 12 (n−k+β)
×
(←→w − 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n)←→w 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n + Ω(I)n−k−1) + Q) }
× 2F1
(−α + γ + δ
2
,
β
2
;
1
2
+
γ
2
;←→w 1,n
) }
ηn
}
(C.15)
where 
ξ = (1−a)xx−a
z = − 11−aξ2
η = (2−a)(1−a)ξ
and Ω(I)n−k−1 = 12(2−a) (−α + β + γ + n − k − 1 + (1 − a)(δ + γ + n − k − 2))Q = −q+γβ4(2−a)
Appendix C.6.2. Polynomial which makes Bn term terminated
(1) The case of α = γ + δ + 2αi + i where i, αi = 0, 1, 2, · · · .
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Substitute α = γ + δ + 2αi + i into (C.15).(
1 − x
a
)−β
y(ξ)
=
(
1 − x
a
)−β
Hl
(
1 − a,−q + γβ;−α + γ + δ, β, γ, δ; (1 − a)x
x − a
)
=
(
1 − x
a
)−β {
2F1
(
−α0, β2 ;
1
2
+
γ
2
; z
)
+
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
1
2 (n−k−2)
n−k
∫ 1
0
dun−k u
1
2 (n−k−3+γ)
n−k
× 1
2pii
∮
dvn−k
1
vn−k
(
1 − 1
vn−k
)αn−k (
1 −←→w n−k+1,nvn−k(1 − tn−k)(1 − un−k)
)− 12 (n−k+β)
×
(←→w − 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n)←→w 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n + Ω(S )n−k−1) + Q) }
× 2F1
(
−α0, β2 ;
1
2
+
γ
2
;←→w 1,n
) }
ηn
}
(C.16)
where
αi ≤ α j only if i ≤ j where i, j = 0, 1, 2, · · ·
and Ω(S )n−k−1 = 12(2−a) (β − δ − 2αn−k−1 + (1 − a)(δ + γ + n − k − 2))Q = −q+γβ4(2−a)
(2) The case of δ = α − γ − 2δi − i where i, δi = 0, 1, 2, · · · .
Substitute δ = α − γ − 2δi − i into (C.15).(
1 − x
a
)−β
y(ξ)
=
(
1 − x
a
)−β
Hl
(
1 − a,−q + γβ;−α + γ + δ, β, γ, δ; (1 − a)x
x − a
)
=
(
1 − x
a
)−β {
2F1
(
−δ0, β2 ;
1
2
+
γ
2
; z
)
+
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
1
2 (n−k−2)
n−k
∫ 1
0
dun−k u
1
2 (n−k−3+γ)
n−k
× 1
2pii
∮
dvn−k
1
vn−k
(
1 − 1
vn−k
)δn−k (
1 −←→w n−k+1,nvn−k(1 − tn−k)(1 − un−k)
)− 12 (n−k+β)
×
(←→w − 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n)←→w 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n + Ω(S )n−k−1) + Q) }
× 2F1
(
−δ0, β2 ;
1
2
+
γ
2
;←→w 1,n
) }
ηn
}
(C.17)
where
δi ≤ δ j only if i ≤ j where i, j = 0, 1, 2, · · ·
and Ω(S )n−k−1 = 12(2−a) (−α + β + γ + n − k − 1 + (1 − a)(α − 2δn−k−1 − 1))Q = −q+γβ4(2−a)
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Appendix C.7. (1 − x)1−δ
(
1 − x
a
)−β+δ−1
Hl
(
1 − a,−q + γ[(δ − 1)a + β − δ + 1];−α + γ + 1, β − δ + 1
, γ, 2 − δ; (1 − a)x
x − a
)
Appendix C.7.1. Infinite series
Replace coefficients a, q, α, β, δ, x, c0 and λ by 1− a, −q +γ[(δ− 1)a + β− δ+ 1], −α+γ+ 1,
β−δ+1, 2−δ, (1−a)xx−a , 1 and zero into (3.31). Multiply (1− x)1−δ
(
1 − xa
)−β+δ−1
and the new (3.31)
together.
(1 − x)1−δ
(
1 − x
a
)−β+δ−1
y(ξ)
= (1 − x)1−δ
(
1 − x
a
)−β+δ−1
Hl
(
1 − a,−q + γ[(δ − 1)a + β − δ + 1];−α + γ + 1, β − δ + 1
, γ, 2 − δ; (1 − a)x
x − a
)
= (1 − x)1−δ
(
1 − x
a
)−β+δ−1 {
2F1
(−α + γ + 1
2
,
β − δ + 1
2
;
1
2
+
γ
2
; z
)
+
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
1
2 (n−k−2)
n−k
∫ 1
0
dun−k u
1
2 (n−k−3+γ)
n−k
1
2pii
∮
dvn−k
1
vn−k
(
1 − 1
vn−k
)− 12 (n−k+1−α+γ)
×
(
1 −←→w n−k+1,nvn−k(1 − tn−k)(1 − un−k)
)− 12 (n−k+1+β−δ)
×
(←→w − 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n)←→w 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n + Ω(I)n−k−1) + Q) }
× 2F1
(−α + γ + 1
2
,
β − δ + 1
2
;
1
2
+
γ
2
;←→w 1,n
) }
ηn
}
(C.18)
where 
ξ = (1−a)xx−a
z = − 11−aξ2
η = (2−a)(1−a)ξ
and Ω(I)n−k−1 = 12(2−a) (−α + β + γ + n − k − 1 + (1 − a)(γ − δ + n − k))Q = −q+γ[(δ−1)a+β−δ+1]4(2−a)
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Appendix C.7.2. Polynomial which makes Bn term terminated
Substitute α = γ + 1 + 2αi + i into (C.18) where i, αi = 0, 1, 2, · · · .
(1 − x)1−δ
(
1 − x
a
)−β+δ−1
y(ξ)
= (1 − x)1−δ
(
1 − x
a
)−β+δ−1
Hl
(
1 − a,−q + γ[(δ − 1)a + β − δ + 1];−α + γ + 1, β − δ + 1
, γ, 2 − δ; (1 − a)x
x − a
)
= (1 − x)1−δ
(
1 − x
a
)−β+δ−1 {
2F1
(
−α0, β − δ + 12 ;
1
2
+
γ
2
; z
)
+
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
1
2 (n−k−2)
n−k
∫ 1
0
dun−k u
1
2 (n−k−3+γ)
n−k
1
2pii
∮
dvn−k
1
vn−k
(
1 − 1
vn−k
)αn−k
×
(
1 −←→w n−k+1,nvn−k(1 − tn−k)(1 − un−k)
)− 12 (n−k+1+β−δ)
×
(←→w − 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n)←→w 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n + Ω(S )n−k−1) + Q) }
× 2F1
(
−α0, β − δ + 12 ;
1
2
+
γ
2
;←→w 1,n
) }
ηn
}
(C.19)
where
αi ≤ α j only if i ≤ j where i, j = 0, 1, 2, · · ·
and Ω(S )n−k−1 = 12(2−a) (β − 2αn−k−1 − 1 + (1 − a)(γ − δ + n − k))Q = −q+γ[(δ−1)a+β−δ+1]4(2−a)
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Appendix C.8. x−αHl
(
a − 1
a
,
−q + α(δa + β − δ)
a
;α, α − γ + 1, δ, α − β + 1; x − 1
x
)
Appendix C.8.1. Infinite series
Replace coefficients a, q, β, γ, δ, x, c0 and λ by a−1a ,
−q+α(δa+β−δ)
a , α − γ + 1, δ, α − β + 1, x−1x ,
1 and zero into (3.31). Multiply x−α and the new (3.31) together.
x−αy(ξ)
= x−αHl
(
a − 1
a
,
−q + α(δa + β − δ)
a
;α, α − γ + 1, δ, α − β + 1; x − 1
x
)
= x−α
{
2F1
(
α
2
,
α − γ + 1
2
;
1
2
+
δ
2
; z
)
+
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
1
2 (n−k−2)
n−k
∫ 1
0
dun−k u
1
2 (n−k−3+δ)
n−k
1
2pii
∮
dvn−k
1
vn−k
(
1 − 1
vn−k
)− 12 (n−k+α)
×
(
1 −←→w n−k+1,nvn−k(1 − tn−k)(1 − un−k)
)− 12 (n−k+1+α−γ)
×
(←→w − 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n)←→w 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n + Ω(I)n−k−1) + Q) }
× 2F1
(
α
2
,
α − γ + 1
2
;
1
2
+
δ
2
;←→w 1,n
) }
ηn
}
(C.20)
where 
ξ = x−1x
z = −aa−1ξ
2
η = 2a−1a−1 ξ
and Ω(I)n−k−1 = a2(2a−1)
(
α + β − γ + n − k − 1 + (a−1)a (α − β + δ + n − k − 1)
)
Q = −q+α(δa+β−δ)4(2a−1)
Appendix C.8.2. Polynomial which makes Bn term terminated
Substitute γ = α + 1 + 2γi + i into (C.20) where i, γi = 0, 1, 2, · · · .
x−αy(ξ)
= x−αHl
(
a − 1
a
,
−q + α(δa + β − δ)
a
;α, α − γ + 1, δ, α − β + 1; x − 1
x
)
= x−α
{
2F1
(
α
2
,−γ0; 12 +
δ
2
; z
)
+
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
1
2 (n−k−2)
n−k
∫ 1
0
dun−k u
1
2 (n−k−3+δ)
n−k
1
2pii
∮
dvn−k
1
vn−k
(
1 − 1
vn−k
)− 12 (n−k+α)
×
(
1 −←→w n−k+1,nvn−k(1 − tn−k)(1 − un−k)
)γn−k
×
(←→w − 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n)←→w 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n + Ω(S )n−k−1) + Q) }
× 2F1
(
α
2
,−γ0; 12 +
δ
2
;←→w 1,n
) }
ηn
}
(C.21)
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where
γi ≤ γ j only if i ≤ j where i, j = 0, 1, 2, · · ·
and Ω(S )n−k−1 = a2(2a−1)
(
β − 2γn−k−1 − 1 + (a−1)a (α − β + δ + n − k − 1)
)
Q = −q+α(δa+β−δ)4(2a−1)
Appendix C.9.
( x − a
1 − a
)−α
Hl
(
a, q − (β − δ)α;α,−β + γ + δ, δ, γ; a(x − 1)
x − a
)
Appendix C.9.1. Infinite series
Replace coefficients q, β, γ, δ, x, c0 and λ by q − (β − δ)α, −β + γ + δ, δ, γ, a(x−1)x−a , 1 and zero
into (3.31). Multiply
(
x−a
1−a
)−α
and the new (3.31) together.( x − a
1 − a
)−α
y(ξ)
=
( x − a
1 − a
)−α
Hl
(
a, q − (β − δ)α;α,−β + γ + δ, δ, γ; a(x − 1)
x − a
)
=
( x − a
1 − a
)−α {
2F1
(
α
2
,
−β + γ + δ
2
;
1
2
+
δ
2
; z
)
+
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
1
2 (n−k−2)
n−k
∫ 1
0
dun−k u
1
2 (n−k−3+δ)
n−k
1
2pii
∮
dvn−k
1
vn−k
(
1 − 1
vn−k
)− 12 (n−k+α)
×
(
1 −←→w n−k+1,nvn−k(1 − tn−k)(1 − un−k)
)− 12 (n−k−β+γ+δ)
×
(←→w − 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n)←→w 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n + Ω(I)n−k−1) + Q) }
× 2F1
(
α
2
,
−β + γ + δ
2
;
1
2
+
δ
2
;←→w 1,n
) }
ηn
}
(C.22)
where 
ξ = a(x−1)x−a
z = − 1aξ2
η = 1+aa ξ
and Ω(I)n−k−1 = 12(1+a) (α − β + δ + n − k − 1 + a(δ + γ + n − k − 2))Q = q−(β−δ)α4(1+a)
Appendix C.9.2. Polynomial which makes Bn term terminated
(1) The case of β = γ + δ + 2βi + i where i, βi = 0, 1, 2, · · · .
84
Substitute β = γ + δ + 2βi + i into (C.22) where i, βi = 0, 1, 2, · · · .( x − a
1 − a
)−α
y(ξ)
=
( x − a
1 − a
)−α
Hl
(
a, q − (β − δ)α;α,−β + γ + δ, δ, γ; a(x − 1)
x − a
)
=
( x − a
1 − a
)−α {
2F1
(
α
2
,−β0; 12 +
δ
2
; z
)
+
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
1
2 (n−k−2)
n−k
∫ 1
0
dun−k u
1
2 (n−k−3+δ)
n−k
1
2pii
∮
dvn−k
1
vn−k
(
1 − 1
vn−k
)− 12 (n−k+α)
×
(
1 −←→w n−k+1,nvn−k(1 − tn−k)(1 − un−k)
)βn−k
×
(←→w − 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n)←→w 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n + Ω(S )n−k−1) + Q(S )n−k−1) }
× 2F1
(
α
2
,−β0; 12 +
δ
2
;←→w 1,n
) }
ηn
}
(C.23)
where
βi ≤ β j only if i ≤ j where i, j = 0, 1, 2, · · ·
and Ω(S )n−k−1 = 12(1+a) (α − γ − 2βn−k−1 + a(δ + γ + n − k − 2))Q(S )n−k−1 = q−(γ+2βn−k−1+n−k−1)α4(1+a)
(2) The case of γ = β − δ − 2γi − i where i, γi = 0, 1, 2, · · · .
Substitute γ = β − δ − 2γi − i into (C.22) where i, γi = 0, 1, 2, · · · .( x − a
1 − a
)−α
y(ξ)
=
( x − a
1 − a
)−α
Hl
(
a, q − (β − δ)α;α,−β + γ + δ, δ, γ; a(x − 1)
x − a
)
=
( x − a
1 − a
)−α {
2F1
(
α
2
,−γ0; 12 +
δ
2
; z
)
+
∞∑
n=1
{ n−1∏
k=0
{∫ 1
0
dtn−k t
1
2 (n−k−2)
n−k
∫ 1
0
dun−k u
1
2 (n−k−3+δ)
n−k
1
2pii
∮
dvn−k
1
vn−k
(
1 − 1
vn−k
)− 12 (n−k+α)
×
(
1 −←→w n−k+1,nvn−k(1 − tn−k)(1 − un−k)
)γn−k
×
(←→w − 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n)←→w 12 (n−k−1)n−k,n (←→w n−k,n∂←→w n−k,n + Ω(S )n−k−1) + Q) }
× 2F1
(
α
2
,−γ0; 12 +
δ
2
;←→w 1,n
) }
ηn
}
(C.24)
where
γi ≤ γ j only if i ≤ j where i, j = 0, 1, 2, · · ·
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and Ω(S )n−k−1 = 12(1+a) (α − β + δ + n − k − 1 + a(β − 2γn−k−1 − 1))Q = q−(β−δ)α4(1+a)
Acknowledgment
I thank Bogdan Nicolescu. The discussions I had with him on number theory was of great
joy.
References
[1] Arscott, F.M., Two-parameter eigenvalue problems in differential equations, Proc. Lond. Math. Soc. 14 (1964),
459–470.
[2] Batic, D., Schmid, H. and Winklmeier, M., The generalized Heun equation in QFT in curved space-times, J. Phys.
A 116 (2006), 517.
[3] Batic, D. and Schmid, H., Heun equation, Teukolsky equation, and type-D metrics, J. Math. Phys. 48 (2007),
042502.
[4] Batic, D. and Sandoval, M., The hypergeneralized Heun equation in QFT in curved space-times, Central Europ. J.
Phys. 8 (2010), 490.
[5] Birkandan, T., Hortacsu, M., Examples of Heun and Mathieu functions as solutions of wave equations in curved
spaces, J. Phys. A: Math. Theor. 40 (2007), 1105–1116
[6] Birkandan, T., Hortacsu, M., Dirac equation in the background of the Nutku helicoid metric, J. Phys. A: Math.
Theor. 48 (2007), 092301.
[7] Bhring, W., The double confluent Heun equation: Characteristic exponent and connection formulae, Methods
Appl. Anal. 1(3) (1994), 348-370.
[8] Choun, Y.S., Approximative solution of the spin free Hamiltonian involving only scalar potential for the q − q¯
system, arXiv:1302.7309
[9] Choun, Y.S., Generalization of the three-term recurrence formula and its applications, arXiv:1303.0806
[10] Choun, Y.S., The analytic solution for the power series expansion of Heun function, Ann. Phys. 338 (2013), 21–31,
e-Print: arXiv:1303.0830.
[11] Choun, Y.S., Asymptotic behavior of Heun function and its integral formalism, arXiv:1303.0876.
[12] Choun, Y.S., The power series expansion of Mathieu function and its integral formalism, Int. J. Differ. Equ. Appl.,
14(2) (2015), 81–99, e-Print: arXiv:1303.0820.
[13] Choun, Y.S., Lame equation in the algebraic form, arXiv:1303.0873.
[14] Choun, Y.S., Power series and integral forms of Lame equation in Weierstrass’s form, arXiv:1303.0878.
[15] Choun, Y.S., The generating functions of Lame equation in Weierstrass’s form, arXiv:1303.0879.
[16] Choun, Y.S., Analytic solution for grand confluent hypergeometric function, arXiv:1303.0813.
[17] Choun, Y.S., The integral formalism and the generating function of grand confluent hypergeometric function,
arXiv:1303.0819.
[18] Choun, Y.S., Special functions and reversible three-term recurrence formula (R3TRF), arXiv:1310.7811.
[19] Choun, Y.S., Complete polynomials using 3-term and reversible 3-term recurrence formulas (3TRF and R3TRF),
arXiv:1405.3610
[20] Dolan, S.R., Instability of the massive Klein-Gordon field on the Kerr spacetime, Phys. Rev. D 76 (2007), 084001.
[21] Epstein, P.S., The stark effect from the point of view of Schro¨dinger quantum theory, Phys. Rev. 2 (1926), 695.
[22] Erde´lyi, A., Integral equations for Heun functions, Q. J. Math. (Oxford) 13 (1942), 107–112.
[23] Erdelyi, A. and Bateman, H., Higher transcendental functions vol. 3, (McGraw-Hill Book Company, Inc. 1953).
[24] Figueiredo, B.D.B., Inces limits for confluent and doubleconfluent Heun equations, J. Math. Phys. 46, (2005),
113503.
[25] Figueiredo, B.D.B., Generalized spheroidal wave equation and limiting cases, J. Math. Phys. 48 (2007), 013503.
[26] Giachetti, R. and Sorace E., States of the Dirac Equation in Confining Potentials, Phys. Rev. Lett. 101 (2008),
190401.
[27] Heun, K., Zur Theorie der Riemann’schen Functionen zweiter Ordnung mit vier Verzweigungspunkten, Mathema-
tische Annalen 33 (1889), 161.
86
[28] Hortacsu, M., Heun Functions and their uses in Physics, Proceedings of the 13th Regional Conference on Math-
ematical Physics, Antalya, Turkey, October 27-31, 2010, Edited by Ugur Camci and Ibrahim Semiz, pp. 23–39
(2013). World Scientific.
[29] Kokkorakis, G. C. and Roumeliotis, J. A., Electromagnetic eigenfrequencies in a spheroidal cavity (calculation by
spheroidal eigenvectors), J. Electromagn. Waves Appl. 12(12) (1998), 1601-1624.
[30] Kristensson, G., Second order differential equations: special functions and their classification, (Springer-Verlag
New York, 2014).
[31] Lambe, C.G., Ward, D.R., Some differential equations and associated integral equations, Q. J. Math. (Oxford) 5
(1934), 81–97.
[32] Lay, W. and Slavyanov, S. Y., The central two-point connection problem for the Heun class of ODEs, J. Phys. A
31(18) (1998), 4249-4261.
[33] Leaver, E.W., An Analytic Representation for the Quasi-Normal Modes of Kerr Black Holes, Proc. Roy. soc. London
A 402 (1985), 285.
[34] Maier, R.S., The 192 solutions of the Heun equation, Math. Comp. 33 (2007), 811-843.
[35] Meixner, J., Schfke, F. W. and Wolf, G., Mathieu Functions and Spheroidal Functions and Their Mathematical
Foundations: Further Studies, Lecture Notes in Mathematics, Vol. 837, (Springer-Verlag, Berlin-New York, 1980).
[36] Milne-Thomson, L.M., The calculus of finite differences, (Macmillan and Co., 1933).
[37] Perron, O., U¨ber Summengleichungen und Poincare´sche Differenzengleichungen, Math. Ann. 84 (1921), 1-15.
[38] Poincare´, H., Sur les Equations Lineaires aux Differentielles Ordinaires et aux Differences Finies, (French) Amer.
J. Math. 7(3) (1885), 203-258.
[39] Ronveaux, A., Heuns Differential Equations, (Oxford University Press, 1995).
[40] Schmidt, D., Wolf, G., A method of generating integral relations by the simultaneous separability of generalized
Schro¨dinger equations, SIAM J. Math. Anal. 10 (1979), 823–838.
[41] Slavyanov, S.Y. and Lay, W., Special Functions, A Unified Theory Based on Singularities, (Oxford University
Press, 2000).
[42] Sleeman, B.D., Integral representations for solutions of Heun’s equation, Proc. Camb. Pkil. Sci. 65 (1969), 447–
459.
[43] Sleeman, B.D., Non-linear integral equations for Heun functions, Proc. Edinburgh Math. Sci. (2)16 (1969), 281–
299.
[44] Suzuki, H., Takasugi, E., Umetsu, H., Analytic solution of Teukolsky Equation in Kerr-de Sitter and Kerr-Newman-
de Sitter Geometries, Prog. Theor. Phys. 102 (1999), 253–272.
[45] Suzuki, H., Takasugi, E., Umetsu, H., Perturbations of Kerr-de Sitter Black Hole and Heun’s Equation, Prog.
Theor. Phys. 100 (1998), 491–505.
[46] Takemura, K., The Heun equation and the Calogero-Moser-Sutherland system I: the Bethe Ansatz method, Com-
mun. Math. Phys. 235 (2003), 467–494.
[47] Teukolsky, S.A., Perturbations of a Rotating Black Hole I. Fundamental Equations for Gravitational, Electromag-
netic, and Neutrino-Field Perturbations, Astroph. J. 185 (1973), 635.
[48] Wilson, A.H., A generalized spheroidal wave equation. and The ionized hydrogen molecule, Proc. Roy. soc. London
A 118 (1928), 617–647.
[49] Wimp, J., Computation with recurrence relations, (Pitman, 1984)
[50] Wolf, G., On the central connection problem for the double confluent Heun equation, Math. Nachr. 195 (1998),
267-276.
87
